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Abstract 



The work contains a detailed investigation of free neutral (Hcrmitian) or charged (non-Hermi- 
tian) scalar fields and the describing them (system of) Klein-Gordon equation(s) in momen- 
tum picture of motion. A form of the field equation(s) in terms of creation and annihilation 
operators is derived. An analysis of the (anti-)commutation relations on its base is presented. 
The concept of the vacuum and the evolution of state vectors are discussed. 



1. Introduction 



This paper pursuits a twofold goal. On one hand, it gives a detailed illustration of the 
methods of Lagrangian quantum field theory in momentum picture, introduced in [1,2], on 
the simplest examples of free Hermitian (neutral, real) or non-Hermitian (charged, complex) 
scalar field. On another hand, it contains an in-depth analysis of the (system of) Klein-Gor- 
don equation(s) in momentum picture describing such fields. Most of the known fundamental 
results are derived in a new way (and in a slightly modified form), but the work contains and 
new ones. 

We have to mention, in this paper it is considered only the Lagrangian (canonical) quan- 
tum field theory in which the quantum fields are represented as operators, called field op- 
erators, acting on some Hilbert space, which in general is unknown if interacting fields are 
studied. These operators are supposed to satisfy some equations of motion, from them are 
constructed conserved quantities satisfying conservation laws, etc. Prom the view-point of 
present-day quantum field theory, this approach is only a preliminary stage for more or less 
rigorous formulation of the theory in which the fields are represented as operator- valued dis- 
tributions, a fact required even for description of free fields. Moreover, in non-perturbative 
directions, like constructive and conformal field theories, the main objects are the vacuum 
mean (expectation) values of the fields and from these are reconstructed the Hilbert space of 
states and the acting in it fields. Regardless of these facts, the Lagrangian (canonical) quan- 
tum field theory is an inherent component of the most of the ways of presentation of quantum 
field theory adopted explicitly or implicitly in books like [3-10]. Besides, the Lagrangian ap- 
proach is a source of many ideas for other directions of research, like the axiomatic quantum 
field theory [5,9,10]. 

The basic moments of the method, we will follow in this work, are the next ones: 

(i) In Heisenberg picture is fixed a (second) non-quantized and non-normally ordered op- 
erator-valued Lagrangian, which is supposed to be polynomial (or convergent power series) 
in the field operators and their first partial derivatives; 

(ii) As conditions additional to the Lagrangian formalism are postulated the commutativ- 
ity between the components of the momentum operator (see (|2.H|1 below) and the Heisenberg 
relations between the field operators and momentum operator (see 1)2. 7() below); 

(iii) Following the Lagrangian formalism in momentum picture, the creation and annihi- 
lation operators are introduced and the dynamical variables and field equations are written 
in their terms; 

(iv) From the last equations, by imposing some additional restrictions on the creation 
and annihilation operators, the (anti)commutation relations for these operators are derived; 

(v) At last, the vacuum and normal ordering procedure are defined, by means of which 
the theory can be developed to a more or less complete form. 

The main difference of the above scheme from the standard one is that we postulate the 
below-written relations 1)2. 6() and H2.7|) and, then, we look for compatible with them and 
the field equations (anti) commutation relations. (Recall, ordinary the (anti)commutation 
relations are postulated at first and the validity of the equations 1)2. 6() and 1)2. 7(1 is explored 
after that [11].) 

In Sect.Elare reviewed the basic moments of the momentum picture of motion in quantum 
field theory. 

The rest of the work is divided into two parts. 

Part0 involving sections OHH deals with the case of neutral (Hermitian, real) free scalar 
field. The contents of its sections is as follows: 

In Sect. 01 the material of Sect. |21 is specialized to the case of free Hermitian (neutral, 
real) scalar field; in particular, the Klein-Gordon equation in momentum picture is derived. 

Sect, m is devoted to analysis of the Klein-Gordon equation (in momentum picture) in 



terms of operators similar to (and, in fact, up to a phase factor and normalization constant, 
identical with) the Fourier images of field operators in Heisenberg picture. From them, in 
Sect. 13 are constructed the creation and annihilation operators which turn to be identical, up 
to a phase factor and, possibly, normalization constant, with the ones known from Heisenberg 
picture. Their physical meaning is discussed (or recalled). In Sect. IHl the 3-dimensional 
creation and annihilation operators (depending on the 3-momentum) are introduced and 
the field equation is written in their terms. It happens to be a tri-linear equation relative 
to them. This new form of the field equation is utilized in Sect. [7| for a detailed analysis 
of the (additional) conditions leading to the known commutation relations. In particular, 
it is proved that, excluding the vanishing field case, the quantization of a free Hermitian 
scalar field by anii-commutators is rejected by the field equation without an appeal to the 
spin-statistics theorem (or other equivalent to it additional assertion). 

Sect.lHlis devoted to the introduction of the concept of vacuum (state) which requires a 
modification of the developed theory by a normal ordering of products of creation and/or 
annihilation operators. The vacua of Heisenberg and momentum pictures happen to coincide. 
The problem of state vectors, representing in momentum picture a free Hermitian scalar field, 
is considered in Sect. 1^1 It turns to be rather trivial due to the absence of any interaction. 
However, the construction of Fock base is recalled and the basic ideas of scattering theory 
are illustrated in this almost trivial case. 

The second part El of our work is devoted to the general case of charged or neural free 
scalar field. Regardless of some overlap with part it concentrates mainly on the case of 
non-Hermitian field. Most of the proofs in it refer or are based, at least partially, on similar 
ones in the Hermitian case, investigated in part The problems of the choice of the initial 
Lagrangian and the 'right' definitions of the energy-momentum and charge operators are 
partially discussed. The layout of part El involving sections I10H171 is similar to the one of 
part 1X1 

The description of arbitrary free scalar field is presented in Sect. IIOL 
An analysis of the system of Klein-Gordon equations describing free scalar fields is pre- 
sented in Sect. ITTl A feature of the momentum picture is that, in a case of non-Hermitian 
field, the two equations of this system are not separate equations for the field and its Hermi- 
tian conjugate; they are mixed via the momentum operator. The creation and annihilation 
operators are introduced in Sect. and the field equations are written in their terms in 
Sect. 1131 They turn to be trilinear equations similar to the ones appearing the parafield 
theory. The commutation relations are extracted from them in Sect. 1151 These reveal the 
non-equivalence of the theories build from different initial Lagrangians. To agree the results, 
one needs different additional hypotheses/conditions, depending on the concrete Lagrangian 
utilized. The 'best' Lagrangian (of three considered) is pointed out. The charge and orbital 
angular momentum operators are considered in Sect. I14L The vacuum is defined in Sect. IIHI 
where the normal ordering of the dynamical variables is described too. We point that the 
last operation is the final step which leads to identical theories build from different initial 
Lagrangians. Some problems concerning the state vectors of free scalar fields are discussed 
in Sect. El 

Sect. Aldoses the paper by pointing to its basic results. 

The books [3-5] will be used as standard reference works on quantum field theory. Of 
course, this is more or less a random selection between the great number of papers on the 
theme. ^ 

Throughout this paper h denotes the Planck's constant (divided by 27r), c is the velocity 
of light in vacuum, and i stands for the imaginary unit. 

^ The reader is referred for more details or other points of view, for instance, to [6, 12, 13] or the literature 
cited in [3-6,12,13]. 



The Minkowski spacetime is denoted by M . The Greek indices run from to dim M — 1 = 
3. All Greek indices will be raised and lowered by means of the standard 4-dimensional 

Lorentz metric tensor ij^^'^ and its inverse r/^,y with signature (+ — )• The Einstein's 

summation convention over indices repeated on different levels is assumed over the whole 
range of their values. 

At the end, a technical remark is in order. The derivatives with respect to operator-valued 
(non-commuting) arguments will be calculated according to the rules of the classical analysis 
of commuting variables, which is an everywhere silently accepted practice [3,11]. As it is 
demonstrated in [14], this is not quite correct but does not lead to incorrect results (except 
the non-uniqueness of the conserved quantities) when free scalar fields are concerned. We 
shall pay attention on that item at the corresponding places in the text. 

2. The momentum picture 

The momentum picture in quantum field theory was introduce in [1,2]. Its essence is in the 
following. 

Let us consider a system of quantum fields, represented in Heisenberg picture of motion 
by field operators (^i(x) : ^ .F, i = 1, . . . , n G N, in system's Hilbert space T of states and 
depending on a point x in Minkowski spacetime M. Here and henceforth, all quantities in 
Heisenberg picture will be marked by a tilde (wave) "~" over their kernel symbols. Let 
denotes the system's (canonical) momentum vectorial operator, defined via the energy-mo- 
mentum tensorial operator T^'^ of the system, viz. 

r^.■■=l J fo^{x)d'x. (2.1) 

xO=const 

Since this operator is Hermitian, vji = V^, the operator 

^/(x,Xo)=exp(i: J](x^-x^)P^), (2.2) 

where xq € M is arbitrarily fixed and x G M,^ is unitary, i.e. L{^{xo,x) := {U{x,xo))^ = 
U^^{x,xo) = {l{{x,xo))^^ and, via the formulae 

X ^ X{x) = U{x,xo){X) (2.3) 
A{x) ^ A{x) = U{x,xo) o {A{x)) o U'^{x,xo), (2.4) 

realizes the transition to the momentum picture. Here X is a state vector in system's Hilbert 
space of states J- and A{x) : J- ^ J- is (observable or not) operator- valued function of x G M 
which, in particular, can be polynomial or convergent power series in the field operators 
ipi{x); respectively X{x) and A{x) are the corresponding quantities in momentum picture. 
In particular, the field operators transform as 

(pi{x) ^ Lpi{x) = U{x,xq) o Lpi{x) o U^^{x,xo). (2.5) 

Notice, in ()2.2|) the multiplier (x^^ — Xq) is regarded as a real parameter (in which is 
linear). Generally, X{x) and A{x) depend also on the point xq and, to be quite correct, one 

^ The notation a^o, for a fixed point in M, should not be confused with the zeroth covariant coordinate 
r]o^x'^ of X which, following the convention Xi, :— rj^^x'^, is denoted by the same symbol xq. From the context, 
it will always be clear whether xq refers to a point in M or to the zeroth covariant coordinate of a point 
X £ M. 



should write X{x,xo) and A{x,xo) for X{x) and A{x), respectively. However, in the most 
situations in the present work, this dependence is not essential or, in fact, is not presented 
at all. For this reason, we shall not indicate it explicitly. 

As it was said above, we consider quantum field theories in which the components 
of the momentum operator commute between themselves and satisfy the Heisenberg re- 
lations/equations with the field operators, i.e. we suppose that and (pi{x) satisfy the 
relations: 

[V^,,Vul = (2.6) 
[ifiix], Vfj]_ = \hd^(pi{x). (2.7) 

Here := A o B ^ B o o being the composition of mappings sign, is the commu- 

tator /anticommutator of operators (or matrices) A and B. The momentum operator 
commutes with the 'evolution' operator hl{x^xo) (see below (|2.12j) l and its inverse, 

[P^,Z^(x,xo)]. = [V^,U'\x,xo)l = ^, (2.8) 

due to ()2.6|) and 1)2.21) . So, the momentum operator remains unchanged in momentum picture, 
viz. we have (see (|TH) and ^T^) 

= V^. (2.9) 

Since from ()2.2j) and ()2.6)) follows 

i^^^^^ = ° ^(^> ^o) U{x^, xo) = id^, (2.10) 

we see that, due to ()2.3() . a state vector X{x) in momentum picture is a solution of the 
initial- value problem 

i/i^^ = V^{X{x)) X{x)U=,, = X{x,) = X (2.11) 

which is a 4-dimensional analogue of a similar problem for the Schrodinger equation in 
quantum mechanics [15-17]. 

By virtue of ()2.2|) . or in view of the independence of "P^ of x, the solution of (|2.11|) is 

X{x) = U{x,xo){X{x^)) = ern^-'-<^'P^{X{x^)). (2.12) 

Thus, if X{xq) = A' is an eigenvector of (= V^) with eigenvalues p^, 

V^{X{x^))=p^X{xo) {=p^X=V^{X)), (2.13) 

we have the following explicit form of the state vectors 

X{x) =eTKi^''-''>^{X{xQ)). (2.14) 

It should clearly be understood, this is the general form of all state vectors as they are eigen- 
vectors of all (commuting) observables [5, p. 59], in particular, of the momentum operator. 
In momentum picture, all of the field operators happen to be constant in spacetime, i.e. 

ipi{x) = U{x,xq) o (^j(x) o U'^{x,xo) = ifiixo) = (pi{xQ) =: (/?(o)i. (2.15) 

Evidently, a similar result is valid for any (observable or not such) function of the field 
operators which is polynomial or convergent power series in them and/or their first partial 
derivatives. However, if A{x) is an arbitrary operator or depends on the field operators in a 
different way, then the corresponding to it operator A{x) according to (|2.4|1 is, generally, not 



spacetime-constant and depends on the both points x and xq. As a rules, if A{x) = A{x, xq) 
is independent oi x, we, usually, write A for A{x,xo), omitting all arguments. 

It should be noted, the Heisenberg relations 1)2. 7() in momentum picture transform into the 
identities = meaning that the field operators (fi in momentum picture are spacetime 
constant operators (see (|2.15|) ). So, in momentum picture, the Heisenberg relations (|2.7j) are 
incorporated in the constancy of the field operators. 

Let C be the system's Lagrangian (in Heisenberg picture). It is supposed to be polyno- 
mial or convergent power series in the field operators and their first partial derivatives, i.e. 
C = C{(pi{x),di,ipi{x)) with denoting the partial derivative operator relative to the 
coordinate x'^ . In momentum picture, it transforms into 

C= C{ifi{x),yju) Vjv = T^Wj,Vy\_, (2.16) 

i.e. in momentum picture one has simply to replace the field operators in Heisenberg picture 
with their values at a fixed point xq and the partial derivatives dp <fj{x) in Heisenberg picture 
with the above-defined quantities y^v. The (constant) field operators <pi satisfy the following 
algebraic Euler- Lagrange equations in momentum picture:^ 

fdC{(pj,yip) 1 \dC{ipj,yiu 



Since C is supposed to be polynomial or convergent power series in its arguments, the 
equations (|2.17j) are algebraic, not differential, ones. This result is a natural one in view 
of (EHI). 

By virtue of (|2.4|) and (|2.9|1 . the momentum operator (|2.1j) can be written as 

V^,= V^, = -^ j U~\x,xo)o To^oU{x,xo)d^x. (2.18) 
2,0=3.0 

This expression for will be employed essentially in the present paper. 



Part A 

Free neutral scalar field 

The purpose of this part of the present work is a detailed exploration of a free neutral 
(Hermitian, real, uncharged) scalar field in momentum picture.^ 

After fixing the notation and terminology, we write the Klein-Gordon equation in mo- 
mentum picture and derive its version in terms of creation and annihilation operators. The 

^ In Ij2.17|l and similar expressions appearing further, the derivatives of functions of operators with re- 
spect to operator arguments are calculated in the same way as if the operators were ordinary (classical) 
fields/functions, only the order of the arguments should not be changed. This is a silently accepted prac- 
tice in the literature [4,5]. In the most cases such a procedure is harmless, but it leads to the problem of 
non-unique definitions of the quantum analogues of the classical conserved quantities, like the energy-momen- 
tum and charge operators. For some details on this range of problems in quantum field theory, see [14]; in 
particular, the loc. cit. contains an example of a Lagrangian whose field equations are not the Euler-Lagrange 
equations (12.1711 obtained as just described. 

* A classical real field, after quantization, becomes a Hermitian operator acting on the system's (field's) 
Hilbert space of states. That is why the quantum analogue of a classical real scalar field is called Hermitian 
scalar field. However, it is an accepted common practice such a field to be called (also) a real scalar field. 
In this sense, the terms real and Hermitian scalar field are equivalent and, hence, interchangeable. Besides, 
since a real (classical or quantum) scalar does not carry any charge, it is called neutral or uncharged scalar 
field too. 



famous commutation relations are extracted from it. After defining the vacuum for a free 
Hermitian scalar field, some problems concerning the state vectors of such a field are inves- 
tigated. 



3. Description of free neutral scalar field 
in momentum picture 

Consider a free neutral (Hermitian) scalar field with mass m. The corresponding to such a 
field operator will be denoted by (f. It is Hermitian, i.e. 

^t(x) = ^{x), (3.1) 

where the dagger f denotes Hermitian conjugation relative to the scalar product (•!•) of field's 
Hilbert space J-', and it is described in the Heisenberg picture by the Lagrangian 

C= C{ip, d, ifi) = -^m\^ ^o^ + ^c^h\d^ ^) o (a^ (^), (3.2) 

which in momentum picture transforms into (see H2.16|) ) 

£= C{if,yy)\y^^^^^^^^^^_ = -]Wc^LpQO (^0 - ^c^lv^o, ^/x]. o bo, ^^].- (3.3) 

Here lpq is the constant value of the field operator in momentum picture i.e. (see 1)2. 15() )^ 

Lp{x) = U{x,xq) o (p{x) o U^^{x,xq) = v?(xo) = (^(xo) =: 930- (3.4) 

Since the operator U{x,xq) is unitary (see 1)2. 2|) and use the Hermiticity of the momentum 
operator), the (momentum) field operator (^0 is also Hermitian, i.e. 



So, we have 







dC 


dC 







ifl = ipo. (3.5) 

= -ihc''[^o,V^'l (3.6) 

-m^c^ifQ. (3.7) 

Consequently, equation ()2.17() . in this particular situation, yields 

m^cVo - [[V'o, V^h T^^l = 0. (3.8) 

This is the Klein- Gordon equation in momentum picture. It replaces the usual Klein-Gordon 
equation 

2 2 

□ + -^id^j(^(x) =0, (3.9) 



^ The index "0" in (po indicates the dependence on xq, according to Ij8.4|l . 

^ As pointed at the end of the Introduction, the calculation of the derivatives in H3.6|l and l|3.7^ below 
is not quite correct mathematically. However, the field equation 13.811 is correct; for its rigorous derivation, 
see [14]. 



where □ := d^d'^, in Heisenberg pictured 

The energy-momentum tensorial operator 7^,^ has two (non-equivalent) forms for free 
Hermitian scalar field, viz. 

%u = T^n° du(p - -q^y C = c^h^{d^ Lp) o (du (p) - r]^^ C (3.10a) 

f'fiu = ^{Ti'^ o du (f + dy (f o vf^) - rif,^ C = ^c^^^ {{df, (f) o {dy (p) + {d^ (f) o (5^ ip)) - rj^^ £, 

(3.10b) 

which in momentum picture read respectively: 

T^u = -c^[ipo, Vf,]_ o [(pQ, Vu]_ + 'n^y\?[w?c^ipo o + [<^o, ^a]. o [9^0, ^^].) (3.11a) 

^ ^ (3.11b) 

+ 'niiPl^(?{m^(?'PO 09^0 + [920, 'Px]_o [yjQ, P^].). 

Let us say a few words on the two versions, H3.10a|) and (|3.10b|) . of the energy- momentum 
operator. The former one is a direct analogue of the classical expression for the energy-mo- 
mentum tensor, while the latter variant is obtained from p.lOap by a 'Hermitian symmetriza- 
tion'. The second expression is symmetric and Hermitian, i.e. T^jy = 7^^ and = T^y, 
while the first one is such if (p and du (p commute for all subscripts /x and v. However, as 
we shall see, both forms of T^^ lead to one and the same (Hermitian) momentum operator. 
In this sense, the both forms of T^^, are equivalent in quantum field theory. More details on 
this problem will be given in Sect. 1101 

Before going on, let us make a technical remark. The derivatives in (|3.6() and ()3.7|) are 
calculated according to the rules of classical analysis of commuting variables, which is not 
correct, as explained in [14]. However, the field equation 1)3. 8(1 or ()3.9() is completely correct 
for the reasons given in loc. cit. Besides, the two forms (|3.10j) of the energy-momentum 
tensor operator are also due to an incorrect applications of the rules mentioned to the region 
of analysis of non-commuting variables; the correct rigorous expression turns to be (|3.10b|) . 
The reader is referred for more detail on that item to [14], in particular to section 5.1 in it. 
The only reason why we use a non-rigorous formalism is our intention to stay closer to the 
standard books on Lagrangian quantum field theory. This approach will turn to be harmless 
for the range of problems considered in the present paper. 

A free neutral or charged scalar field has a vanishing spin angular momentum and pos- 
sesses an orbital angular momentum, which coincides with its total angular momentum. The 
orbital angular momentum density operator is 

£^,(x) = -Ct^{x)=x^f\{x)-x,f\{x) (3.12) 
^'/lu — ~ ^ufj. — ^fj. '^^u ~ (3.13) 

in Heisenberg and momentum pictures, respectively. The angular momentum operator in 

^ As a simple exercise, the reader may wish to prove that the D'Alembert operator (on the space of 
operator-valued functions) in momentum picture is □(■) = —-^\[-, Vfi]., Vv\si^" ■ (Hint: from the relation 
ift^^ = [-4(2:), K]- with = -iftglr +P^\dT (see [18]), it follows that U{^i) = VHVlW; 
now prove that in momentum picture — + V^.) Now, the equation 13.811 follows immediately from 
here and the 'usual' Klein-Gordon equations l).'-{.9|l . By the way, the above representation for □(•) remains 
valid in any picture of motion as it is a polynomial relative to (•) and V^; in particular, 13.81 is equivalent to 
m^c^ (pa — [(po, ^'']- ~ which is equivalent to 13.911 due to the (Heisenberg) relation [<^o, 'PA- ~ f^-c^M 



Heisenberg and momentum picture, respectively, is 

4-=^ I C%{x)d^x = -^ I {x^f\{x)-x,f\{x)}d'x 

a;0=const xO=const 

^ J U-\x,xo)o{x^'T^^-x,T\}oU{x,xo)d?x (3.14) 

^0- 



C^y{x,XQ) = U{x,xq)o C^yO U ^{x,xq). (3.15) 
Since the spin angular momentum of a free scalar field is zero, the equations 

5a 4. = ^ = d^Cl, = Q (3.16) 



dxO ^^'^ 



express equivalent forms of the conservation law of angular momentum. As the treatment 
of the orbital angular momentum for a neutral and charged scalar fields is quite similar, we 
shall present a unified consideration of the both cases in Sect. 1141 

A simple, but important, conclusion from (|3.8)) is that the operator 

M^:^o^^[[^o,V^]_,V^']_ (3.17) 

should be interpreted as square-of-mass operator of the field in momentum (and hence in any) 
picture. This does not contradict to the accepted opinion that the square-of-mass operator 
is equal to the Lorentz square of the (divided by c) momentum operator. The problem here 
is in what is called a momentum operator and in what picture the considerations are done. 
Indeed, in Heisenberg picture, we can write 

M\^) = v,l, P^l = \[ihd,^, f»^]_ = ^^(d.d^i^ix)) 
& 

-^□^(x)) = IpQMo pQMM(^(^)) ^ ^[[^^ pt]_^ pt,^_^ (3_18) 

where [18] "P^^ = ihd^ and "P* = -|- jd^p, with = const and \6jr being the 

identity mapping of are respectively the quantum mechanical and translational momentum 
operators. So, we see that the conventional identification of with the square of (divided 
by c) momentum operator corresponds to the identification of the last operator with "P^^ 
(or of its square with —f}^ □). For details on the last item the reader is referred to [18]. It 
should be noted, the eigenvalues of the operator (|3.17j) on the solutions of (|3.8|) characterize 
the field (or its particles) , while the eigenvalues of -^V^ o on the same solutions are 
characteristics of the particular states these solutions represent. 



4. Analysis of the Klein-Gordon equation 

Our next aim is to find, if possible the (general) explicit form of the (constant) field operator 
(fQ. The Klein-Gordon equation (|3.8jl is not enough for the purpose due to the simple 
fact that the (canonical) momentum operator depends on (pQ. To show this, recall 
the definition (|2.1jl of and the expression (|2.18j) for it through the energy-momentum 
operators T^y and T^u, given in Heisenberg and momentum pictures, respectively, by (|3.10() 
and JHHIJ. Therefore (|3^ . (|2.18j) . (|3.11|) . and the exphcit relation (|2?2|) form a closed 
algebraic-functional system of equations for determination of (p^ (and V^). 

At the beginning of our analysis of the equations defining we notice the evident solution 



[y'o, ^/i]. = for m = 



(4.1) 



of H3.8() which, by virtue of the Heisenberg equations/relations 

[^(-)>^.]- = i^^ (4-2) 

leads to (p{x) = <^(xo) = const for m = 0. Consequently (in the zero mass case) our system 
of equations admits a, generally non- vanishing, solution (see also (|S3])) 

(p{x) = ifixo) = const = (fo = Vf^ = for m = 0. (4-3) 

Evidently, (|4.1|) implies 

V = C^^, = 0, (4.4) 

due to 1)3.11(1 and (|3.13() . and, consequently, the dynamical variables for the solutions (|4.1() 
vanish, i.e. 

V^ = C^, = 0. (4.5) 
For the general structure of the solutions of (j3.8|) is valid the following result. 
Proposition 4.1. Every solution fo of ()3.8|) and ()2.7|) is of the form 



fo = J <^'HM'^)Mk)\,^^^,/;;;^ + f^^^^^ (4-6) 

which can, equivalently, be rewritten as 

fo = I d^kdik" -rr?c^)f{k)fo{k). (4.7) 

Here: k = {k^, k^, fc^, k^) is a 4-vector with dimension of 4-fnomentum, k'^ = fc^/c^ = /cq— fcf — 
^2 — ^3 = kQ — k^ with kfj, being the components ofk and k := {k^,k'^,k^) = — (fci, A;2, /cs) being 
the 3- dimensional part ofk, 6{-) is the (1- dimensional) Dirac delta function, (pQ^k): T ^ T 
is a solution of the equation 

[Mk), V^l = -k^Mk), (4.8) 

f± are complex-valued functions (resp. distributions (generalized functions)) of k for solutions 
different from (|4.3() (resp. for the solutions (|4.3() ). and f is a complex-valued function (resp. 
distribution) of k for solutions different from (j4.3j) (resp. for the solutions ()4.3() ). Besides 
/(^)l^ 2 2^_fc2 = 2\/ m?c^ + k^ f±{k) for solutions different from ()4.3j) . 

Remark 4.1. In fact, in (j4.6() enter only those solutions of (|4.8() for which 

■= k^,k^ = kl-k'^ = rr?c^. (4.9) 

Besides, a non- vanishing solution of (|4.8|) is a solution of (|3.8() iff the condition (|4.9|) holds. 
(Proof: write (|3.8|) with •fo(k) for (^o and use ()4.8|) twice.) 

Remark 4.2. Evidently, the l.h.s. of ()4.8() vanishes for the solutions ()4.3|) . Therefore, we have 
ifioix, 0) = (^o(a;o, 0) = const = ipo{0) = V^, = (4.10) 

where 

(po{x,k) := ^/"^(x,xo) o ipQ{k) o Z^(x,xo). (4.11) 

In terms of ()4.(i() . this solution is described by m = and, for example, f±{k) = (^ ±a)S'^{k), 
a G C or /(A;) such that /(A;)|fc^=±|fc| = (1 ± 2a)|fc|53(;,)^ „ ^ c. 



Remark 4.3. Since ipo is Hermitian (see ()3.5() ). we have 

(/±(fc)^o(fe)|,^^^^;;;,;,^)^ = -/^(-^)^o(-fc)|,^^^^4;5^. (4.12) 
due to (|4.Hjl . Also the similar relation 

{fik)Mk))^ = f{-k)M-k), (4.13) 

holds as a corollary of (|4.7j) .^ 

Proof. Since the proposition was proved for the 'degenerate' solutions (|4.3j) in remark f4.2( 
below we shall suppose that (m, k) / (0,0) (and, hence / 0). 

The equality (|4.7j) is equivalent to (|4.6jl (for solutions different from (|4.3jl ) due to 6{y'^ — 
a^) = ^{Ky - a) + 5{y + a)) for a > 0. 

Let (/9o be given by ()4.7p . Using (|4.8|) . we get 

[V'o, ^m]- = - / d^^A:^5(fe2 - m2c2)/(A;)v9o(fc). (4.14) 

Inserting this into (|3.8|) and, again, applying (|3.8j) . we see that 1)4. 7|) is a solution of p.8p . 
So, it remains to be proved that any solution of 1)3. 8|) is of the form 1)4.7(1 . 
The equation ()4.8|) in Heisenberg picture reads (see (|2.5jl ) 

[(^(x,A;), P^]. = -A;^(^(x,A;). (4.15) 

Combining this with (|4.2|) (with (p[x,k) for (^(x)), we find 

(^(x, k) = Q-U^'^-O^^ (^(xo, A:) = e-i^^^''-^)'^^ <fo{k) (4.16) 

as 

ifoik) = ^{x^^k). (4.17) 
Hence, due to (|2.5|) . the equation (|4.7|) in Heisenberg picture reads 

^(x)= / d'^M(A;2 -m2c2)e+'i'=''^''ei^'=''</(A;)(^o(A:). (4.18) 



At the end, recalling that any solution (different from (|4.3p ) of the Klein-Gordon equa- 
tion (|3.9|1 . satisfying the Heisenberg relation (|5.3j) . admits a Fourier expansion of the form [3- 
5] 



<^(x) = j d^k6{k' - m^c')e^ft'=^^'"^(A;) (4.19) 
for some operator- valued function if^ik) satisfying (|4.8() under the condition (|4.9() . viz.^ 

[ V{k), r^l = -k^ ^(k) k^ = m^c^, (4.20) 



* The same result follows also from the below- written equations 14.1911 and 14.2111 . Indeed, 14.1911 and 
(f^=(fi imply (fi = Lp (— fc), which, in view of 14.211 . entails 14.1311 . 
^ The first equality in 14.2011 is the Fourier image of 12.71 . 



the proof is completed by the identification 



£k) = eTn^^<f{k)^Q{k) = eTK>'^<f{k) <^(xo, A;) (4.21) 

and subsequent return from Heisenberg to momentum picture. □ 

Meanwhile, we have proved two quite important results. On one hand, by virtue of (|4.21j) 
and the homogeneous character of 1)4. 8() . any solution of 1)3. 8(1 can be written as 

,22 



,fQ = j 5{k^ -m^c^)^^{k)<rk (4.22) 
where ipo{k) are appropriately normalized (scaled) solutions of (|4.8|) which solutions can be 



identified, up to the phase factor eifi^'o'^^, with the Fourier coefficients of <f{x), viz. (see (|4.19|) 



and ^1^) 



^{k) = eTK<^^^Ak). (4.23) 



Therefore, by virtue of (|4.13|) and (|4.21|) . the operators ^^{k) appearing in (|4.22|) satisfy the 
relation (cf. (1^1 ) 

{Mk))^ = mi-k). (4.24) 



On the other hand, this implies that the operator (po{k), entering in (|4.22|) . is (up to a con- 
stant) identical with the usual momentum representation of a scaler field (p{x) in Heisenberg 
picture [3-5]. Consequently, the operators (p{k) with k'^ = rri^c^ , representing a free Her- 
mitian scalar field in momentum representation of Heisenberg picture of motion in quantum 
field theory, are nothing else but (suitably normalized) solutions of 1)4. 8|) under the condi- 
tion (|4.9j) . i.e. of the Klein- Gordon equation (|3.8|) . which form a basis in the operator space 
of all solutions of ()3.8|) . In short, the momentum representation of a scalar field in Heisenberg 
picture is a suitably chosen base for the solutions of the Klein-Gordon equation in momentum 
picture. This result is quite important from two aspects. On one hand, it reveals the real 
meaning of the momentum representation in Heisenberg picture of quantum field theory. On 
another hand, it allows us to apply freely in momentum picture all of the already established 
results concerning the Fourier images of the field operators, observables and other operators 
in Heisenberg picture. In particular, this concerns the frequency decompositions and creation 
and annihilation operators theory. 

5. Frequency decompositions and their physical meaning 

Since the decomposition (|4.6j) (or (|4.7|) if the solutions (|4.3|) are excluded) is similar to the one 
leading to the frequency decompositions (in Heisenberg picture for free fields) in quantum 
field theory, we shall introduce similar (in fact identical) notation. Defining^'^ 



\ f±i±k)ipoi±k) forA;o>0 



we see that 



° ^ ^ lo for fco < ^ ^ 



[ipi{k),V^l = Tk^,ipi{k) ko = Vm^c^ + fc2 (5.4) 



^° Notice, we do not exclude the case fco = as it is done in the literature. 



due to (|^ and Notice, since tpo and 920 (^) satisfy (jlT^ and (|I?T^ . we have 

(93o(^))^ = 93o^(^)- (5-5) 

The equation ()5.4() imphes the interpretation of a free scalar field in terms of particles. 
Indeed, if Xp is a state vector of a state with 4-momentum p, i.e. 

p^(;fp) =p^;fp, (5.6) 

then, applying 1)5. 4() . we obtain 

7'^((^±(A:)(;fp)) = (p^ ± A:^)v9±(A:)( A-p) = \/ m^c^ + fc^ (5.7) 

So, V3o'(^) (I'ssp. v?o (A;)) can be interpreted as an operator creating (resp. annihilating) a 
particle (quant of the field) with mass m and 4-momentum k with /cq = \l m?c^ + , i.e. a 
particle with energy \/ m^c^ + and 3-momentum fc. In this situation, the vacuum for a 
scalar field should be a state Xq with vanishing 4-momentum and such that 

i^Q{k){XQ) =0 fco = \/m2c2 + (5.8) 

The action of the operators ^^{k) on Xq produces one- or multiple-particle states. More 
details concerning the definition of a vacuum and construction of state vectors from it will 
be given in sections |H1 and 121 

For a comparison with existing literature (see, e.g., [3-5, 12]), we notice that the cre- 
ation/annihilation operators (p^, introduced in momentum representation of Heisenberg pic- 
ture of motion, are defined by 

= (j£(±'-) (5..,) 

\0 for /to < 

where (p{k) is the Fourier image of (^(x) (see (|4.19|) ). Therefore, by virtue of (|4.2H) and 
DroDosition l4.11 we have the following connection between the creation/annihilation operators 
in Heisenberg and momentum picture: 

^^{k) = e^i^^'^'Vo (^) ^0 = ^m?c'^ + k^. (5.10) 
We leave to the reader to prove as an exercise that the general formula (|2.5|) implies 

^^{k)=e^^''''^^U{x,xo)o ^^{k)oU-^{x,xo) ko = Vm^(^T^, (5.11) 

which, in view of (|2.7|) and (|5.4|) . is equivalent to (|5.10j) . (Hint: apply the Fourier decompo- 
sition from Sect.lU then show that -^^ip^{k) = and, at last, set x = xq in (|5.1H) .) 

6. The field equations in terms of creation and 
annihilation operators 

Let us return now to our main problem: to be found, if possible, the explicit form of the field 
operator ipQ (and momentum operator V^). 

At first, we shall express in terms of the creation and annihilation operators (p^. 
Regardless of the fact that the result is known (see, e.g., [3, eq. (3.26)] or [4, eq. (12.11)]), 
we shall reestablish it in a completely new way. 



Since (| ^ - (fO|l entail 

from p.llf) . after some algebra (involving (|5.2I) and H5.3|) '). we get the energy- momentum 
operator as 

X + 9^0 (^0) + \v.,^rn^c\ip+{k) + ^p^ {k)){^+ {k') + ifoik'))} (6.1a) 

%^ = ^c^ J d^kd^k'{i-k,k'^-kX + Vuf.kxk"^)i-ip+ik)+cp,ik)) 

X i-if+ik') + ^oik')) + r],^m^c\^+{k) + ip^ {k)){^+ {k') + iPo{k'))}, (6.1b) 



where k^ = \/ m?c^ + fc^, fcg = a/ m^c^ + k'"^ and the two expressions for T^jy correspond to 
the two its versions in (|3.11|) . 

The idea is now the last result to be inserted into 1)2. 18(1 and to commute fQ{k) and Lp^{k') 
with U{x,xq) in order to 'move' ^p^^k) and (/'o^(/c') to the right of U{x,xq). Rewriting (|4.8|) 
as foik) o "P^ = (P^ — k^\djr) o ipo{k), by induction, we derive 

Mk) °{V^,o...oV^,) = {{V^, - k^, id^) o...o{Vf,^-k^^ id^)} o ^o{k) (6.2) 
for any a G N, which, in view of the expansion of the r.h.s. of (|2.2|) into a power series, implies 



So, we have (see (|5.1|) ) 



(A;) o ZY(x, xo) = e-i^^^''-^)^" U{x, xq) o ^o{k). (6.3) 



V9^(/t) o Z^(x,xo) = e-TK('=''-<)(^>'^)u{x,xo) o V9±(A:) 
<^+(A:) o ^^{k') o ^/(x,xo) = e-i^(-"-<)(^-±'=M)z^(x,xo)v^^(A:) o v9±(A:') (6.4) 
(A:) o ^^{k') o ^/(x,xo) = e-r^(-''-<)(->'^^>''.)u{x,xo)^oik) o <^^(A;'). 

At the end, substituting 1)6. If) into 1)2. 18() . applying the derived commutation rules ()6.4p . 
performing the integration over x, which yields (5-functions like 5{k±k'), and the integration 
over fc', we finally get after, a simple, but lengthy and tedious, calculation, the following 
result 

^M = ^/ k^\^^^^^y-^-^Wtif')°^oif') + ^oik)oip^{k)}d'k, (6.5) 

where we have introduced the 3-dimensional renormalized creation and annihilation operators 

VP±(fc) := {(2c{2nhfko)'/'^^{k)}l^^^^-^. (6.6) 

Notice, the result 1)6. 5() is independent of from what form of T^u, (|3.11a() or H3.11b|) . we have 
started. The only difference of our derivation of (|6.5|) from similar one in the literature (see, 
e.g., [3, sec. 3.2]) is that we have not exclude the massless case and the degenerate solu- 
tion (|4.3)) from our considerations. The operator (pQ{k) (resp. (^q (fc)) is called the creation 
(resp. annihilation) operator (of the field). 



We would like to emphasize on the relations 

(V.±(fc))t = ^^(fc) (6.7) 

which follow from and (|5.5|) . Actually these equalities are equivalent to the supposition 
that (fo is Hermitian field operator. 

As a result of (|5.1fl|) . the operators (p^{k)^ corresponding to (|6.5)1 in (the momentum 
representation of) Heisenberg picture of motion, are [3, Sec. 3.2] 



Similarly, we have also the connection (see ()5.1ip ) 

^±(k) =e^w.-''-\^^^^^^^^^U-Hx,xo)o^^{k)o U{x,xo). (6.9) 

Consequently, the integrand in (|6.5|) and similar ones which will be met further in this work, 
look identically in terms of ^Po'ik) and Lp^{k). 

Summarizing the above results, we are ready to state and analyze the following problem. 

Problem 6.1. Let 



= / f 2c(27rn) Vm2c2 + fc2 j {^+ (k) + {k)) k 

be a solution of the Klein-Gordon equation ()3.8() . Find the general explicit form of the 
operators ^^(k) which are solutions of the equations (see (|5.4|) ) 



[ipi{k),V^l = Tk^ipi{k) ko = Vm^c^ + fc2 (6.11) 
where "P^ is given by ()6.5() . 

Inserting the representation 1)6. 5|) into (|6.1ip and writing the expression ^kfj^ip^{k) as 
/ -fQ^lfo^{k)^'^{f^ ~ q) with qq = \J m^c? + -^^g^ after a simple algebraic manipulation, 
obtain 

^Mlgo=^;;;2^2^{['/'o (^)''/'o (q) ° '/'(^(q) + ¥^0 (9) ° v'o (q)]- 

±2(/?^(fc)53(;,_g)| j3g^Q (g_;L2) 

Consequently (fc) must be solutions of 

[9,±(fc), [(^+(9), (^0 (9)]+]. ± 2v^{k)b\k -q)= /±(fc, q) (6.13) 

where := A o B + B o A is the anticommutator of operators (or matrices) A and B 

and f^{k,q) are operator-valued (generalized) functions such that 

Looking over the derivation of (|6.13j) . we see its equivalence with the initial system of 
Klein-Gordon equation (|3.8|) and Heisenberg relations (|2.7j) in momentum picture. Conse- 
quently, H6.13() is the system of field equations in terms of creation and annihilation operators 
in momentum picture. 

As a simple test of our calculations, one can prove that the commutativity of the com- 
ponents of the momentum operator, expressed by (|2.6|) (see also (|2.9j) ). is a consequence 

of (jnSl), and (iFani . 



7. The commutation relations 



The equations (|6.13|) are the corner stone of the famous (anti)commutation relations in quan- 
tum field theory for the considered here free Hermitian scalar field. The equations H6.13() 
form a system of two homogeneous algebraic equations of third order relative to the functions 
ip^{k). Generally, it has infinitely may solutions, but, at present, only a selected class of 
them has a suitable physical meaning and interpretation. This class will be described a little 
below. 

Since for the physics is essential only the restriction of fQ^{k) on the physically realizable 
states, not on the whole system's Hilbert space we shall analyze (|6.13|) in this case, 
following the leading idea in similar cases in, e.g., [3, subsec. 10.1], or [4, § 70], or [5, p. 65]. 
It consists in admitting that the commutator or anticommutator of the creation and/or 
annihilation operators (for free fields) is a c-number, i.e. it is proportional to the identity 
mapping idjF of the system's Hilbert space of states. In particular, in our case, this 
(additional hypothesis) results in 

Uik),^^iq)]e = af{k,q)\d:F [(^J(fc), ^±(q)], = (3f{k,q)\6r (7.1) 

where e = it, [A, B]± := AoB±BoA, and af- and are complex-valued (generalized) func- 
tions. It should clearly be understood, the conditions ()7.1() are additional to the Lagrangian 
formalism and do not follow from it. In fact, they or the below written commutation rela- 
tions (|7.28|) (which under some conditions follow from ()7.1|) ) have to be postulated. 
Defining 

[A,B]r, = AoB + r]BoA r/ G C (7.2) 

and applying the identity 



[A,BoC]ri=[A,B]^rie°C + 7]eBo[A,C]e £ = ±1 (7.3) 

for T] = —1, viz. 

[A, BoC]_= [A, B],oC-eBo [A, C]„ (7.4) 
due to e = ±1 and [A, i?]±i = [A, i?]±, we rewrite (|6.13() as 

[^0 (fc) > iQ)]e ° il) - ^^0 ilH^i (fc) > ^0 (9)]e 
+ [V'o i^) ' "PO (.Q)]e ° ^0 il) - ^fo bo (^) ' "Po (9)]e (7.5) 

±2^±(fc)53(fc-q) = /±(fc,q). 
Now, substituting the additional conditions (|7.1|) into (|7.5j) . we get 

+ (1 - e)ip+iq) o [^^{k),^^{q)l ± 2^^{k)5\k - q) = f^{k, q). (7.6) 

For e = +1, this equality reduces to ±.2LpQ{k)5'^{k — q) = f^{k,q) which, when inserted 
into (|6.14jl . entails 

The idea for arbitrary (Hermitian/real or non-Hermitian/complex, free or interacting) fields remains the 
same: one should derive the Euler-Lagrange equations in momentum picture and to solve them relative to 
the field operators by using the explicit expression of the (canonical) momentum operator through the field 
operators. 



for any = 0, 1, 2, 3 and k. Consequently, the choice e = +1, i.e. 

Uik),^^{q)U = a^{k,q)\d:r [(^J(fc), <^±(q)]+ = g) id^, (7.8) 
leads, in view of (|6.5|) and (|7.7|) . to 

V^ = (7.9) 
which, by virtue of Klein-Gordon equation (|3.8() . implies 

m^cVo = 0. (7.10) 
So, if m = 0, we get the solution (|4.3|1 and, if m 7^ 0, we derive 

VJo = for m / (7.11) 

and, consequently, 

ip^{k) = form/0 (7.12) 

We interpret the obtained solution (|7.11j) (or (|7.12|) ) of the Klein-Gordon equation (|3.8|) as 
a complete absence of the physical scalar field. 

Consider now (|7.()j) with e = —1. Writing it explicitly for the upper, and lower, 

"— ", signs, we see that (|7.6p is equivalent to 

V^iQ) o Uik), 4{q)l + [^^{k), ^^{q)l o <^±(q) ± ^^{q)6'{k - q) = \f^{k, q) (7.13) 

where, in accord with ()7.1() . the commutators are 

[^o±(fc), ip^{q)]_ = a^ik, q) id^ [^^ {k) , {q)l = P^ik, q) id^. (7.14) 

Here, for brevity, we have omit the subscript "— ", i.e. we write and (3^ for and (5^ 
respectively. 

The properties of and (3^ can be specified as follows. 

Let Xp be a state vector with fixed 4- momentum p (see ()5.6() ). Defining 

^t, -■= {H^Uk)o^^{q))[Xp) yf^^ := (ip^ik) o ip^{q)){Xp), (7.15) 
we, applying 1)5. 7|) . get 

Noticing that 

^t + ^^^k = [^^{k),v^{qMXp) y^g + ey^^, = [^^{k),4{qMXp) 
for e = ±1, we see that 



[V^ o [ip^{k),ip^{q)]e){Xp) = {p^ ±k^± q^)[ip^{k),ip^{qMXp) 
'V^ o [^^{k),^^{q%){Xp) = {p^ ^kf,± q^)[<f^{k),^^{qMXp) 



(7.17) 



Since, for a scalar field, the solutions 14.31 do not lead to any physically predictable results, they, in the 
massless case, should also be interpreted as absence of the field. 

For the initial idea, see [3, subsec. 10.1], where the authors (premeditated or not?) make a number of 
implicit assumptions which reduce the generality of the possible (anti)commutation relations. 



It is worth to mention, in the derivation of ()7.17|) no additional hypothesis, hke (jT-lj) . have 
been used. 

Applying (|7.17|) for e = — 1 and imposing the additional conditions (|7.14|1 . we, due to (|5.6|1 . 
find 



{k + q)a^{k,g) = (fc - g)/3=^(fc, g) = (7.18) 

(7.19) 



(\/m2c2 + fc2 - y^^^VTq2)/3±(fc, q) = 0. J 

Here, with necessity, and must be regarded as distributions (generalized functions) 
as otherwise the equations ()7.18() have only the trivial solutions 

a±(fc,q)=0 forfe + g/0 /3=*=(fc,q)=0 for fc - q / (7.20) 

which, as it can easily be seen, reproduce the trivial solution 1)7. 11() of the Klein-Gordon 
equation. Rewriting (|7.18j) as qa^{k,q) = —ka^{k,q) and qf5^{k,q) = kp^{k,q), we see 
that 

f{q)a^{k,q) = f{-k)a^{k,q) f{q)(3^{k,q) = f{k)P^{k,q) (7.21) 

for a function f{k) which is supposed to be polynomial or convergent power series. As a 
result of (|7.2H) . the second equation in (|7.19|) is equivalent to the identity = 0, while the 
first one reduces to 

Vm^c'^ + k^a^{k,q) = 0. (7.22) 
Inserting (fTTH) into (fTT^ . we find 

i/±(fc,q) = ip^iq)a^{k,q)+^^{q){(3^ik,q) ± 5'{k - q)). (7.23) 

At the end, besides 1)7. 22() . the condition ()6.14|) is the only one remaining to be satisfied. 
Substituting (|7.23|) into it and using (frrni for f{q) = ^m?c^ + q^ in the case ;U = and for 
/(q) = qa in the one with = a = 1, 2, 3, we obtain 

= A:a y {-a±(fc, q)(^^(g) + (/5=F(fc, q) ± b\k - q))v^^(q)} d^q (7.24a) 
= v/m2c2 + fc2 y {+a±(fe, q)^l{q) + (^ (fc, q) ±b\k- q))(^^(q)} d^q, (7.24b) 

where, in the second equation, the term containing oc^ vanishes due to (|7.22j) . Since these 
equations must be valid for arbitrary fe, the integrals in them should vanish if fe 7^ 0. Forming 
the sum and difference of these integrals in that case, we get 

J a^{k,q)ip^{q)d'q = (7.25a) 

{P^{k, q) ±5\k- q))ip^{q) d^q = 0. (7.25b) 



/ 



If (m, k) 7^ (0, 0), the standard (Bose-Einstein) commutation relations are extracted from 
equations 1)7.24(1 (or (|7.25|) if fc 7^ 0) by imposing a second, after ()7.1|) . additional condition. 



^* We cannot write, e.g., a^(fc, q) — const x3'^{k + q) as the equation yg{y) = 0, j/ £ R, has a solution g{y) — 

— +"2y 



constX(5(j/), but this is not its general solution; e.g., its solutions are g{y) = ao5{y)+aiy '^^^^^ +Q2y^ '^fv^'' 
with Qo, Qi, . . . being constant numbers. 



If we demand (|7.24|) to be valid for arbitrary ip^ (q) whose commutators are c-numbers, 
then (f7^ entail 

a^{k,q)=0 p^{k,q) = ±6'\k-q) (7.26) 

which convert ()7.22|) into identity. 

Let us say also a few words on the special case when m = and A; = 0. In it one 
cannot extract any information from ()7.24|) and 1)7. 22() . Recall, if m = 0, the operators 
99^(0) describe creation/annihilation of massless particles with zero 4-momentum. Since, 
in the Hermitian scalar case, the 4-momentum and mass are the only characteristics of the 
field's quanta, the particles corresponding to 

V3o(fc) with m = and fc = (7.27) 

are unphysical as they cannot lead to some observable consequences. The operators (|7.27j) 
are special kind of the solutions ()4.3|1 of the Klein-Gordon equation and, consequently, can 
be interpreted as absence of the field under consideration. Besides, as we proved above under 
the hypothesis 1)7. 14() . the only restrictions to which <^^(0) with m = should be subjected 
are the conditions (|7.14j) with fc = 0, arbitrary q, and any (generalized) functions and 
/3^. Thus, to ensure a continuous limit when (m,k) (0,0), we, by convention, choose 
a^(0,Q) and P^{0,q) to be given by fL26^ with k = O}^ 

So, we have obtained the next solution of the problem 16.11 In momentum picture, the 
Klein-Gordon equation (|3.8|) admits a solution (|6.in|) . i.e. 

ifo = J (2ci2TThfVm^c'^ + k^y^^\ip+{k) + (fc)) d^fc, 

in which the creation/annihilation operators fQ'{k) satisfy only the commutation relations 
U{k),^^{q)l = [^^ik),^^{q)l = ±6Hk - q)id^. (7.28) 

Now, it is a trivial exercise to be verified that, in view of 1)6. 5p and ()7.28() . the equal- 
ity (|6.11j) is identically valid. 

We would like to remark, in the above considerations the massless case, i.e. m = 0, is 
not neglected. However, obviously, the commutation relations (|7.28|) exclude the degenerate 
solution (frTT|) or, equivalently, (fT^ or (fTT^ . 

More generally, one can look for solutions of the tri- linear (para?) 'commutation' rela- 
tion ()6.13|) . under the condition (|6.14|) which do not satisfy the additional conditions ()7.1|) . 
But this is out of the aims of this work.^^ 

As we have noted several times above, the concepts of a distribution (generalized func- 
tion) and operator-valued distribution appear during the derivation of the commutation 
relations (|7.28|) . We first met them in the tri- linear relations (|6.13() . In particular, the 
canonical commutation relations ()7.28|1 have a sense iff [(pQ'{k), ip^{k)]_ is an operator- valued 
distribution (proportional to idj^), which is not the case if the field <po (or (^0) is an ordinary 
operator acting on J^. These facts point to inherent contradiction of quantum field theory if 
the field variables are considered as operators acting on a Hilbert space. The rigorous math- 
ematical setting requires the fields variables to be regarded as operator-valued distributions. 

In this way we exclude from the theory a special kind of 'absent' (unphysical) field described by m = 
and (ySo = or ip^{k) — 0. 

Tri-linear relations, like are known as paracommutation relations and were discovered in [19] (See 

also [20,21]). However, it seems that at present are not indications that solutions of H6.13^ . which do not 
satisfy 17.28L may describe actually existing physical objects or phenomena [10,22,23]. This is one of the 
reasons the quantum field theory to deal with H7.28|l instead of II6.18|I (or the equivalent to it Klein-Gordon 
equation H3.8|l (in momentum picture) or H8.9^ (in Heisenberg picture). Elsewhere we shall demonstrate how 
the parabose-commutation relations for a free scalar field can be derived from 116.1311 . 



However, such a setting is out of the scope of the present work and the reader is referred to 
books hke [9,10,24,25] for more details and realization of that program. In what follows, the 
distribution character of the quantum fields will be encoded in the Dirac's delta function, 
which will appear in relations like ()6.13|) and 1)7. 28() . 

Ending the discussion of the commutation relations for a free Hermitian scalar field, we 
would like to note that the commutation, not anticommutation, relations for it were derived 
directly from the Klein-Gordon equation (|3.8)) without involving the spin-statistics theorem, 
as it is done everywhere in the literature [3,5]. In fact, this theorem is practically derived 
here in the special case under consideration. Besides, we saw that the commutation relations 
can be regarded as additional restrictions, postulated for the field operators as stated, e.g., 
in [5, pp. 59-60], which must be compatible with the equations of motion. In fact, as we 
proved, these relations are, under some assumptions, equivalent to the equations of motion, 
i.e. to the Klein-Gordon equation in our case. Said differently, the commutation relations 
convert the field equation(s) into identity (identities) and, in this sense are their solutions. An 
alternative viewpoint is the commutation relations (|7.28|) to be considered as field equations 
(under the conditions specified above) with respect to the creation and annihilation operators 
as field operators (variables). 

To close this section, we have to make the general remark that the tri-linear rela- 
tions (|6.13|) (together with (|6.14|) ) are equivalent to the initial Klein-Gordon equation (in 
terms of creation/annihilation operators) and all efforts for the establishment of the commu- 
tation relations 1)7. 28() reflect, flrst of all, the fact of extraction of physically essential solutions 
of these equations.^'' In this sense, we can say that the commutation relations ()7.28)) are a 
reduction of the initial Klein-Gordon equation ()3.8|) (in momentum picture) or (|3.9() (in 
Heisenberg picture), under the conditions ()7.1|) and the assumption that ()7.24|) hold for any 



8. The vacuum and normal ordering 

The vacuum of a free Hermitian scalar fleld ipQ is a particular its state, described by a state 
vector Xq which carries no energy-momentum and, correspondingly, it is characterized by a 
constant (in spacetime) state vector, i.e. 

V^{Xq{x)) = Q (8.1) 

Xq{x) = A'o(xo) = Xq (8.2) 

where Xq and Xq are the vacua in Heisenberg and momentum pictures respectively. Equa- 
tion 1)8. 1() can be taken as a 'macroscopic' definition of the vacuum state vector Xq. Since, 
'microscopically', the field is considered as a collection of particles (see Sect.EJ, the vacuum 
should be considered as a vector characterizing a state with no particles in it. Recalling the 
interpretation of creation, (/7^(fc), and annihilation, (fc), operators from Sect. El we can 
make the definition 1)8. 1() more precise by demanding 

V9o(fc)(A'o) =0 ;fo/0. (8.3) 

This is the everywhere accepted definition of a vacuum for a free Hermitian scalar field. 
However, it does not agree with the expression ()6.5|) for the momentum operator and the 
commutation relations (|7.28|) . In fact, commuting '^^{k) and Lp'^{k), according to ()7.28)) . in 
the second term in the integrand in (|6.5|) and using (|8.3|) . we get 

V,{XQ) = \jk,5\Q)d'kXo=Xoy<5\Q)xH ^ (^-^^ 
2 J cxD (00^ — 00 ) for /i = 1, 2, 3 



One may recognize in H6.13|l a kind of paracommutation relations which are typical for the so-called 
parastatistics [19-21,26]. 



Of course, this is a nonsense which must be corrected. The problem can be solved by 're- 
pairing' the r.h.s. of (|6.5)) . by replacing the commutation relations (|7.28|1 with other relations 
(compatible with ()6.13|) and (|6.14|) '). or by some combination of these possibilities. At this 
point, we agree with the established procedure for removing (|8.4|) from the theory. If one 
accepts not to change the logical structure of the theory, the only possibility is a change 
in the Lagrangian from which all follows. Since in ()8.4|) the infinities come from the term 
(^Q (fc) o ipQ{k) in (|6.5)) . it should be eliminated somehow. The known and, it seems, well 
working procedure for doing this, which we accept, is the following one. At first the La- 
grangian and the dynamical variables, obtained from it and containing the field (pQ, should 
be written, by means of (|5.1|) - H5.3() in terms of creation, 93^ (fc), and annihilation, '^^{k) op- 
erators. Then, any composition (product) of these operators, possibly appearing under some 
integral sign, must be change so that all creation operators to stand to the left relative to all 
annihilation operators. The described procedure for transforming compositions of creation 
and annihilation operators is known as normal ordering and the result of it is called normal 
product of the corresponding operators. This item is discussed at length in the literature to 
which the reader is referred for details [3-5,27]. 

The mapping assigning to a composition of creation/annihilation operators their normal 
product will be denoted by M and called normal ordering operator. The action of N 
on polynomials or convergent power series of creation/annihilation operators is defined by 
extending it by linearity; the resulting mapping being denoted by M too. 

Since, evidently, AA((^^(fc) o ip^{k)^ = ^^{k) o 99^ (fc), the representation 1)6. 5() of the 
momentum operator changes, after normal ordering, into 



(Notice, after normal ordering, we retain the notation Vfj, for the object resulting from (|6.5() . 
This is an everywhere accepted system of notation in the literature and it is applied to all 
similar situations, e.g. for the Lagrangian C or energy-momentum operator T^'^. After some 
experience with such a system of doubling the meaning of the symbols, one finds it useful 
and harmless.) Now the equality 1)8. 1|) is a trivial corollary of ()8.5() and (|8.3() . 

As 7^ 0, we shall assume that the vacuum Xq can be normalized to unity, viz. 



where (•!•) : .7-" x JF ^ C is the Hermitian scalar product of the Hilbert space of states. 
In fact, the value (AqI^^o) is insignificant and its choice as the number 1 is of technical 
character. In this way, in many calculations, disappears the coefficient ( Xq \ Xq). Prima facie 
one can loosen (|8.6|) by demanding Xq to have a finite norm, but this only adds to the theory 
the insignificant constant ( Xq\ Xq) which can be eliminated by a rescaling of Xq}^ 

Let us summarize the above discussion. The vacuum of a free scalar field is its physical 
state which does not contains any particles and has zero energy and 3-momentum. It is 
described by a state vector, denoted by Xq (in momentum picture) and also called the 

The so-formulated rule is valid only for integer spin particles/fields. By virtue of (17.2811 . the order of the 
different creation/annihilation operators relative to each other is insignificant, i.e. it does not influence the 
result of described procedure. 

If Xo has an infinite norm, so is the situation with any other state vector obtained from Xq via action 
with creation operators, which makes the theory almost useless. 







vacuum of the field, such that: 



A'o / (8.7a) 

^0 = (8.7b) 

(/Po(fc)(;fo) = (8.7c) 

{Xo\Xo) = l (8.7d) 



for any 3- momentum k. Since the existence of the vacuum Xq in the Heisenberg picture is a 
known theorem, the condition 1)8. 7b|) . expressing the coincidence of 'Heisenberg vacuum' and 
'momentum vacuum', ensures the existence of the vacuum Xq in momentum picture. Besides, 
to make the theory sensible, we have assumed normal ordering of the creation/annihilation 
operators in the Lagrangian and all observables derived from it. 

The normal ordering of products changes the field equations ()6.13|) into 

[(^±(fc), ^+(q) o ^~{q)]_ ± ^^{k)5\k -q) = ^f^{k, q) (8.8) 

as the anticommutator in (|6.13)) originates from the expression (|6.5)) for the momentum 
operator (before normal ordering). The conditions 1)6. 14() remains unchanged. However, by 
means of (|7.4|) with e = — 1 and the commutation relations (|7.28|) . one can verify that (|8.8j) 
and (|H.14|) are identically valid. This means that, in fact, the commutation relations (|7.28j) 
play a role of field equations under the hypotheses made. 

9. State vectors and transitions between them 

According to the general theory of Sect. |2 the general form of a state vector X[x) of a free 
Hermitian scalar field in momentum picture is 

X{x) = ^/(x,xo)(^(xo)) = ei^(^"--o)^M(^(^o)), (9.1) 

where xq S M is an arbitrarily fixed point in the Minkowski spacetime M, is given 
via H8.5|) . and the initial value X{xq) of X at xq is identical with the (constant) state vector 
X representing the same state as X{x) but in Heisenberg picture, i.e. 



X{xo) = X. (9.2) 
In particular, if Xp is a state vector at xq with fixed 4- momentum p^, i.e. 

V^{Xp)=p^Xp, (9.3) 

then its general form at a point x is 

A'p(x) =ei^(^''-^o)p^A'p (9.4) 

and V^{Xp{x)) =p^Xp{x) 

From the vacuum Xq can be constructed a base for the system's Hilbert space called 
the Fock base. A general s-particle state containing s particles with momenta ki . . . ,ks (some 
of these vectors may be identical) of a scalar field ipo has the form 



X{ki, ...,ks) = fs{ki, ks){(p^{ki) o • • • o ip+{ks)){Xo) 



(9.5) 



for some function fg characterizing the distribution of the particles. Notice, by virtue ()4.9|) . 
the 4-momenta ki,...,ks are subjected to the conditions k'^ = m'^c^, a = l,...,s, with 
m being the mass of the quanta of the field <po. An arbitrary state, described via the 
Klein-Gordon equation H3.8() or its version expressed by ()4.8|) and (|4.9() . can be presented as 
a superposition of all possible states like (|9.5jl . viz. 

^ = Y.J d^i---/ dksfs{ki,...,ks){ipi{ki)o---o^+{ks)){Xo). (9.6) 

s>0 

The above results, concerning free Hermitian scalar field, are identical with similar ones in 
the momentum representation in ordinary quantum field theory (in Heisenberg picture); the 
difference being that now (pQ{k) is the field operator in the momentum picture, which, as we 
proved, are identical with the Fourier images of the field operators in Heisenberg picture. So, 
the Fock base goes without changes from Heisenberg into momentum picture. 

One of the main problems in quantum field theory is to find the amplitude for a transition 
from some initial state Xi{xi) into a final state Xf{xf), i.e. the quantities 

Sfi{xf,x,) ■.= {Xf{xf)\Xi{xi)) (9.7) 

called elements of the so-called S-matrix (scattering matrix). Ordinary one considers the 
limits of (|9.7|) with — > +00 and x^ — > —00 or, more generally, — > +00 and x^ —>■ —00. 
These cases are important in the scattering theory but not for the general theory, described 
here, and, respectively, will not be discussed in our work. If we know Xf and Xi at some 
points xj'^ and xf'\ respectively, then, combining (|9.1() and ()9.7|) . we get 

Sf,{xf,x.) = {Xf{xf)\ern(<-^'f^'P^iX,ix^f^))) = {Xf{xf^)\Uix..,Xf){X,{xf^))). (9.8) 

Consequently (cf. [11, § 107]), the operator {U{xf,Xi))^ = U^^{xf,Xi) = U{xi,Xf), where f 
means (Hermitian) conjugation, has to be identified with the S-operator (often called also 
S'-matrix). To continue the analogy with the S-matrix theory, we can expand the exponent 
in (|9.8|1 into a power series. This yields (see (|8.5j) ) 

00 

U{x„Xf) = \dr + ^U^''\xi,Xf) (9.9) 



n=l 



1 1 



U(-\x..,x,) ■.= -^{xf^-x>}^)...{xf--x^f) 

X / d^fcd) . . . d^fcWfcW • • • A;Wv9+(fe(i)) o ^0 (fc(i)) o . . . o ^+(fcW) o (fc(")) (9.10) 



where k^'^ = y m?c^ + {k^"'^)'^, a = 1, . . . ,n. This expression is extremely useful in 'scattering 
theory' when one deals with states having a fixed number of particles. 

The first thing one notices, is that the vacuum, defined via (|8.7j) . cannot be changed, viz. 

U{xi,Xf)iXo)= Xo, (9.11) 



In 19.511 we have omit a spacetime dependent factor which the reader may recover, using 19.411 : the 
vector l|9.5|l corresponds to the vector Xp in 119. 4|l in a case of s-particle state. 

■^^ Since we are dealing with a free field, there is no interaction between its quanta (particles) and, hence, 
there is no real scattering. However, the method, we present below, is of quite general nature and can be 
applied in real scattering problems. This will be illustrated in a separate paper. 



and if X>i{x) is a state vector of a state containing at least one particle, then 



(;f>i(x)|;fo) =0 (9.12) 

This simple result means that the only non-forbidden transition from the vacuum is into 
itself, i.e. 

(A'o|A'o) = 1^0. (9.13) 

The results just obtained are known as the stability of the vacuum. 
In accord with (|H3|) and ^771^ . the vector 

X{x,p) = er.(-'->^^+{p){Xo) (9.14) 

describes a particle at a point x € M with 4-momentum p. Similarly, an n-particle state, 
n > 1, in which the i^^ particle is at a point Xj with 4-momentum pi, i = l,...,n, is 
represented by^^ 

1 1 " 

A'(xi,pi; . . . ; Xn,Pn) = -j=^ 6^p{^ H'^^^' ~ a;(;)(pi)^|(99+(Pi) o • • • o 99+(p„))( ;fo). (9.15) 



After some simple algebra with creation and annihilation operators, which uses (|7.28)) . (|6.7j) 
and (|8.7cj) . one finds the following transition amplitude from m-particle state into n-particle 
state, m, n E N: 

1 1 

('^(yi,9i; • • • ;yn,9n)| X{xx,p\\ . . . ;xm,pm)) = — (Jmnexpj— ^(xf - yf)(pj)^| 

i=l 

X E '^'(Pn-QnM'(Pn-i-9iJ...5'(Pi-g.J, (9.16) 

(n, ■■■>««) 

where is the Kronecker (5-symbol, i.e. bran = 1 for m = n and Smn = for m ^ n, and the 
summation is over all permutations (ii, . . . , i„) of (1, . . . , n). The presence of 6mn in (|9.16() 
means that an n-particle state can be transformed only into an n-particle state; all other 
transitions are forbidden. Besides, the (5-functions in ()9.16|) say that if the 4-momentum of a 
particle changes, the transition is also forbidden. So, the only change an n-particle state can 
experience is the change in the coordinates of the particles it contains. All these results are 
quite understandable (and trivial too) since we are dealing with a free field whose quanta 
move completely independent of each other, without any interactions between them. 

Notice, if in 1)9. 16() we set m = n and integrate over all momenta, we get a pure phase 

factor, equal to exp| Y17=ii^i ~ yi)iPi)fj^- Since, in this case, the module of the square 
of (|9.16|) is interpreted as a probability for the transition between the corresponding states, 
this means that the transition between two n-particle states is completely sure, i.e. with 
100% probability. 

At the end of this section, we remark that the states ()9.15|) are normalized to unity, 

j d^qi...d^qn{X{xi,qi;...;Xn,qn)\X{xi,pi;...;Xm,Pm)) = 'i^, (9.17) 

due to (|8.7d|) . However, the norm {X{xi,pi; . . . ;Xn,Pn)\ '^{xijpi; . . . ;Xm.,Pm)) is infinity as 
it is proportional to (5^(0))", due to ()9.16() . If one works with a vacuum not normalized to 

Since the vacuum and creation/annihilation operators in Heisenberg and momentum pictures coincide, 
we use the usual Fock base to expand the state vectors. The spacetime depending factor comes from (19.411 . 



unity, in H9.15() the factor ( Ao| Xq) will appear. This will change H9.16() with the factor 

Part B 

Free arbitrary scalar field 

Until now the case of free Hermitian (neutral) scalar field was explored. In the present, sec- 
ond, part of the present investigation, the results obtained for such a field will be transferred 
to the general case of free arbitrary, Hermitian (real, neutral, uncharged) or non-Hermitian 
(complex, charged), scalar field. 

As we shall see, there are two essential peculiarities in the non-Hermitian case. On 
one hand, the field operator and its Hermitian conjugate are so 'mixed' in the momentum 
operator that one cannot write (in momentum picture) separate field equations for them. 
On the other hand, a non-Hermitian field carries a charge. These facts will later be reflected 
in the corresponding commutation relations. 

10. Description of free scalar field 

In Heisenberg picture a free arbitrary, Hermitian or non-Hermitian, scalar field is described 
via a field operator (^(2;), which may be Hermitian, 

(p^x) = if{x) (10.1a) 

or non-Hermitian, 

<f\x) / >f{x). (10.1b) 

The properties of a free non-Hermitian scalar field are, usually [3-5,28], encoded in the 
Lagrangian 

C := -m^c^ Cp^{x) o ^{x) + (?h^{d^ ^\x)) o (9^ Cp{x)), (10.2) 

which in momentum picture, according to the general rules of Sect. |2l (see equation (|2.16j) ). 
reads 

L = -m^cVj) o fo - c^[vl V^]_ o [vpo, 7^^]., (10.3) 

where (see and cf. ((231)) 

V9(x) = U{x,xo) o (p{x) o U^^{x,xq) = (p{xo) = ipixo) ='■ ^0 (10.4a) 
99^ (x) = U{x,xo) o (f\x) o U^^{x,xq) = (p^{xo) = 'P^ixo) =■ ^0 (10.4b) 

are the corresponding to (^(x) and ^p^ix), respectively, constant field operators in momentum 
picture. In general, the operator (pQ can be Hermitian, 

iflix) = (fo (10.5a) 

A classical complex field, after quantization, becomes a non-Hermitian operator acting on the system's 
(field's) Hilbert space of states. That is why the quantum analogue of a classical complex scalar field is 
called non-Hermitian scalar field. However, it is an accepted common practice such a field to be called 
(also) a complex scalar field. In this sense, the terms complex scalar field and non-Hermitian scalar field are 
equivalent and, hence, interchangeable. Besides, since a complex (classical or quantum) scalar field carries a 
charge, it is called also charged scalar field. Cf. footnote ^ 



or non-Hermitian, 

+ ^0. (10.5b) 

as a result of and the unitarity of U{x,xo). 

Defining 

I 1 for (f^=if (Hermitian (neutral) field) 
r( (^) := < , (10.6) 

for (^T ^ (f (non-Hermitian (charged) field) 

we can unify the Lagrangians (|10.2j) and (|3.2|) by writing 

'C := -—l—m^^^^ix) o ^{x) + ^ , \ . c'h^d^^H^)) ° i.d'^ ^{x)). (10.7) 

1 + T{ip) l + T{ip) 

As an alternative to (jlO./f) . one may also put 

"C := - \ m'c'^ix) o ^t(^) + \ c^h\d,^{x)) o {d^ ^\x)) (10.8) 

There is also one more candidate for a Lagrangian for a free arbitrary scalar field. Since 
such a field (f is equivalent to two independent free Hermitian scalar fields (pi = (p\ and 
Lp2 = (p\ with masses equal to the one of (p and such that (p = (pi + i(p2, ^ being the 
imaginary unit, we can set C = Cq{(Pi) + Cq{(P2) with Cq defined by (|l-{.2j) . Taking into 
account that p^ = pi — ip2, one can transform the last Lagrangian into the form 

'"^ •= ~ 2(1 + ( ~)) '^'^'^^^'^^^^'> ° + '^(^^ ° '^^(^)) 

^ (10.9) 

+ 2{l +r{p)/ ^' ((^'^ '^^^"^^^ ° ^^"^^^ + (^'^ ^^"^^^ ° ^^^"^^^^ • 

This Lagrangian, which is the half of the sum of ()1U.7|) and H10.8() . also reduces to (jSHJ 
in the Hermitian case p^ = p (or (^2 = in terms of the Hermitian fields pi and (^2). 
Evidently, the Lagrangian (|lU.9p is a 'symmetrization' of the r.h.s. of 1)10.7(1 or ()lU.8p relative 
to p and p^ with coefficient ^. The advantage of ()lfl.9() is that in it the field p and its 
Hermitian conjugate p^ enter in a symmetric way, which cannot be said relative to (|lU.2p . 
(nTTTl) and (UniHl). 

Going some steps ahead, the consequences of the Lagrangians £, C , C, and C can 
be summarized as follows: (i) All of these Lagrangians lead to identical (Klein-Gordon) 
field equations for p and p^; (ii) The energy-momentum, momentum and charge operators 
generated by these Lagrangians are, generally, different; (iii) After the establishment of the 
commutation relations and a normal ordering of products (compositions), the momentum 
and charge operators generated by £ , C, and C become identical and equal to one half of 
the ones induced by C. Therefore, in view of these assertions, all of the Lagrangians given 
above can be considered as equivalent. 

In momentum picture, by virtue of (|2.16() . the Lagrangians (|10.7() . ()1U.8|) and (|10.9() are: 

= - i^^(^) ^'cVj) ° m - i + \^f ^^^l ^m]- ° i^o, V'l (10.10) 
= - i^^(^) "^'^Vo o pI - ^^l^^f 'iVo, V^l o [pI V^l (10.11) 



/// ~ 



t~ 1 2 4 /' t 

2(l+r(9;)) "' ^'^^ o pQ + po o p^^) 



:io.i2) 



■^■^ However, in Sect. 1151 we shall see that the Lagrangian UK). 9^ carries more information than p().7^ . IjlO.H^ 
and 110.211 . In this sense, it is the 'best' one. 



where (cf. THT^ ) 



,1 for J = (^0 (Hermitian (neutral) field) /mi on 

T{ipo) := X _ _ =T{ip). (10.13) 

for (Pq 7^ (po (non-Hermitian (charged) field) 



From here, we derive: 

— = — = -m^cVo TTT = TTT = ""^ cVo 10.14) 
tt'^ := — = -i^c^iv^t^ V^^l vrt/^ := ^ = -i^c^iv^o, P'^]. (10.15) 

where a = i,ii,in, ■= ]^[¥?0) "P/x].) y/l := iilv^O' "^mI- ^^'^ have followed the differentia- 
tion rules of classical analysis of commuting variables. At this point, all remarks, made in 
Sect. 01 in a similar situation, are completely valid too. For a rigorous derivation of the field 
equations (|10.16() and energy-momentum tensors (|10.21|) below, the reader is referred to [14]. 
By means of the above equalities, from (|2.17|) . we get the field equations for ipQ and Lp\: 

m^cVo - [[V'o, ^m]., V^]_ = (10.16a) 
m'cW - [[^l V^l, Vf'l = 0. (10.16b) 

So, regardless of the Lagrangians one starts, the fields tpo and tp^ satisfy one and the same 
Klein-Gordon equation. However, in contrast to the Heisenberg picture, in momentum pic- 
ture these equations are not independent as the momentum operator V/^, appearing in (|10.16j) 
and given via ()2.1|) or (|2.18l) . also depends on ipo and (p^ through the energy-momentum op- 
erator T^^. Hence, to determine (po, Pq and 7^^, we need an explicit expression for 7^^/ as a 
function of pQ and (/?q. 

If p was a classical complex/real field, we would have 

where the * means complex conjugation. The straightforward transferring of this expression 
in the quantum case results in 



However, if vr^ and p and frjj and dy (p^ do not commute, this T^, is non-Hermitian, 
T'llv 7^ T^iiu ■ This situation can be corrected by a 'Hermitian symmetrization' of the first 
two terms in ()10.17() . which gives 

T'lil^ = 2{l + r{p)) ^ ° + + ° */^} - ^- (10-18) 

Evidently, if p^ = (p, and the Lagrangians (|10.7|) and (|10.8j) are employed, the equa- 
tions ()10.17() and (|10.18|) reduce to H3.10a|) and H3.10b|) . respectively. But these are not 
the only possibilities for the energy-momentum operator. Often (see, e.g., [3, eq. (3.34)], 
or [5, eq. (2-151)], or [28, eq. (6)]), one writes it in the form 



As an alternative, we may also choose 



The last two expressions are suitable as fr^ and fr^ are proportional to 9^ (^^ and 5^ (p 
respectively. 

Partial discussion of the problem how should be defined the quantum energy-momentum 
tensorial operator 7^,^ and a similar one for the current (see below), the reader can find 
in [28, § 2], where a reference to an early work of B. W. Gordon in Z. Phys. (vol. 40, p. 117. 
1926) is given. 

From the view-point of symmetry, T^^ = 7^^, and Hermiticity T^^ = 7^;^, the energy- mo- 
mentum operators (|lfl.l8|) - (|10.2flj) are indistinguishable (if one and the same Lagrangian is 
used in them). 

So, if we want to explore all possibilities, we have to look for the consequences of the four 
energy-momentum operators (|10.17|) ~ H10.2U() for any one of the three Lagrangians (|1U. Ta - 
llin. 9j) . However, instead of investigating these 12 cases, we shall study only 3 of them. The 
reason is that in [14] we have proved that for a given Lagrangian, from the Schwinger's 
action principle [5,29], follow, between other things, also unique expressions for all conserved 
quantities in terms of the field operators. In particular, it implies unique energy-momentum 
and current operators. These operators, for the Lagrangians (|10.7() - ()1U.9|) will be pointed 
below. Since the discussion of the way of their selection is out of the range of the present 
work, the reader may: (i) take this by faith; (ii) consider it as a lucky choice; (iii) look on it 
as an additional hypothesis/postulate; (iv) explore the consequences of the other 8 cases to 
see that they lead to contradictions in the theory;^^ (v) apply the results obtained in [14]. 

The correct energy-momentum operators for the Lagrangians (|lfl.7|) - (|in.9jl are respec- 
tively (Unm, (tnnni) and (tnm .^s Exphdtly, in view of (tTim . we have 

+ {d^ (f) o {du ff^) + (du If) o{df,if^)} - rj^y '"t 

For instance, for them, generally, there are not one particle states with fixed energy, i.e. there are not 
one particle eigenvectors of the zeroth component of the momentum operator. 

Since UK). 2^ and p().7|l are proportional, all results for l|l().7|l can trivially be formulated for Hl().2^ . 



(10.21a) 
(10.21b) 

(10.21c) 



In momentum picture, these operators read (see H10.1U|) - (|1U.15|) '): 



(10.22a) 



(10.22b) 



;i0.22c) 



Any one of the equations 1)10.22^ . together with H10.16() . 1)2. 18p and ()2.2() form a complete 
system of equations for exphcit determination of (p, (p'^ and V^. It will be analyzed in the 
subsequent sections. 

Since the Lagrangians of a free general scalar field are invariant under (constant) phase 
transformations, such a field carries a, possibly vanishing, charge (see, e.g., [3,5]. The (total) 
charge operator Q is defined by 

Q:=- / Mx)<^^x (10.23) 



c 

a;0=const 



where J^{x) is a Hermitian operator, 

J},{x) = J^{x), (10.24) 

describing the field's current considered a little below. Since Q and are conserved quan- 
tities, viz. they satisfy the equivalent conservation laws 

^ = d'^J, = 0, (10.25) 

and daQ = for a = 1, 2, 3, due to (|l().23j) . we can write 

df,Q = 0. (10.26) 

The consideration of Q as a generator of (constant) phase transformations [3,5] leads to the 
following (Heisenberg) equations/relations^^ 

['P,Ql = q'P [^lQl = -q^^ (10.27) 

where g is a constant, equal to the opposite charge of the particles (quanta) of (f (see below 
Sect. [T^ . such that 

q = for ip^ = if. (10.28) 
■^^ The equations (110.2711 follow from the transformation properties of <p and (p^ too. 



The charge operator Q is Hermitian, i.e. 



(10.29) 



and commutes with the momentum operator "P^, 

[Q, ^m]. = 0. (10.30) 

As a consequence of (|1().3()|) and (|2.2|) . the charge operator commutes with the (evolution) 
operator U{x,xq) responsible to the transition from Heisenberg picture to momentum one, 

[Q,U{x,xo)l = 0. (10.31) 

Combining this with 1)2. 4|1 . we get 

Q(x) = Q=: Q, (10.32) 

that is the charge operators in Heisenberg and momentum pictures coincide. 
In momentum picture, the equations ()10.27|) and H10.29() . evidently, read: 

[^,Ql = q^ [^lQl = -qip^ (10.33) 
= Q. (10.34) 

In this picture the equality (|1().23|) is convenient to be rewritten as (see (|2.4|) ) 

Q = ^ j U-^{x,xo)o Jo{x)o U{x,xo)d^x. (10.35) 

2,0—3,0 

The only thing, we need for a complete determination of Q, is the explicit definition of 
the (quantum) current J7^. If was a free classical arbitrary, real or complex, scalar field, 
we would have 

The straightforward transferring of this result into the quantum case gives 

Ji'\x) = o m - ^lix) o ^Hx)}. (10.37a) 

But, since the current operator must satisfy (|10.24j) . the quantities (|10.37aj) are not suitable 
for components of a current operator if [tt^, ^ and/or [tt^, (p^\_ ^ 0. Evidently, 
here the situation is quite similar to the one with the definition of the energy-momentum 
operator considered above. So, without going into details, we shall write here is a list of 
three admissible candidates for a current operator:^^ 

JI?'' = ^ ( Ti-^ o - 7f o (^t _ o vi-t + o ^f^) (10.37b) 

Jj?'^ = ^{^f.° ^- (10.37c) 
jlf^ = ^{^o^^-i:lo^'^). (10.37d) 



Obviously, l|l().81|l and Hl().:i2|l are valid for any operator Q commuting with the momentum operator. 
For a partial discussion of the problem, see [28, § 2]. The expression l|l().37c^ is the one most often used 
in the literature [3,11,28]; however, the definition 110.37all is utilized too, for instance, in [5, p. 99]. 



Similarly to the case of energy-momentum operator, to any one of the Lagrangians (|1U.7|) - 
(|10.9j) . there corresponds a unique current operator. These operators are as follows (see [14]): 



'4'^ = |('7f,o^-^to'vft) (10.38a) 

"^l'^ = |(^o%-"frto^t) (10.38b) 

'"^f = ^Th ( ° + ^ ° % - o - o ■ (10.38c) 
As a consequence of (|10.15|) . these current operators in momentum picture read respectively: 

'jf = \q^{^l o [^0, V^l - [^l P^]. o v9o) (10.39a) 

"jf = \qc\[ip^, V^l oifl-ipoo PJ.) (10.39b) 

'"jf = ]qc^{ipl o [ipo, V^l + [vPo, ^m]- ° V'S - o^0-m° Ivl r^D- (10.39c) 



A free scalar field has no spin angular momentum and possesses a, generally, non- vanishing 
orbital angular momentum, as described in Sect.|31(in particular, see equations H3.12() - (|3.16() ). 
It will be explored in Sect. directly in terms of creation and annihilation operators. 

According to the Klein-Gordon equations H10.16() . the field operators ipo and are 
eigen-operators for the mapping ()3.17|) with eigenvalues equal to the square of the mass 
(parameter) m of the field (more precisely, of its quanta). Therefore the interpretation of 
the operator (|3.17|) as a square-of-mass operator of the field is preserved also in the case of 
free arbitrary, Hermitian of non-Hermitian, scalar field. At the same time, the square of the 
momentum operator, -^V^o "P^, has an interpretation of a square of mass operator for the 
solutions of the field equations, i.e. for the field's states. 

11. Analysis of the field equations 

As we know, the field operator ipQ and its Hermitian conjugate ip]^ satisfy the Klein-Gordon 
equations (|10.16() which are 'mixed' through the momentum operator V^, due to the simul- 
taneous presentation of 999 and (/9g in the energy-momentum operator (s) (|1().22|1 . However, 
for ifQ and ip\ are completely valid all of the results of Sect. |1] as in it is used only the 
Klein-Gordon equation (in momentum picture for ipo) and it does not utilize any hypotheses 
about the concrete form of the momentum operator V^. Let us formulate the main of them. 

Proposition 11.1. The solutions ipo and ip^ of (|10.16() can be written as 

^0 = 1 <i'HMk)Mk\^^,/;;;^ (11.1a) 

^1=1 '^'HfiikUm,,^^,^^ (ii-ib) 

where <po{k), ^lik): T ^ T are solutions of 

[Mk), V^l = -k^mik) i^ik), V^l = -k^^l{k) (11.2) 
and, for solutions different from the 'degenerate ' solutions 

bo, 7^m]- = [4>^m]- = form = (11.3) 



or, in Heisenberg picture, 

(p{x) = (f{xo) = (fo if^x) = (f\xo) = (fl V^=Vf, = for m = 0, ^ll.3\) 

the symbols f± and denote complex-valued functions of k and for the solutions they 
stand for some distributions ofk. 



Notice, as a result of the restriction kQ = ±\/ rn^c^ + k^ in pi.H) . only the solutions 
of (flT^ for which 

= kl-k^ = rr?(? (11.4) 

are significant. 

It should be emphasized, the operator (/^o(^) l|ll-lj^ is not the Hermitian conjugate of 
(y9o(^)- In fact, the reader can verify that (|11.1|) imply the equalities (cf. 1)4.12(1 ') 

^f^{),)^^(k)\^^^^^^^)'^ = _/t 

/ t t I Nt ^ 

However, in the Hermitian case, i.e. for ipQ = (po, the equations ()ll.la|) and ()ll.lb|) must be 
identical and, consequently, we have 

fi{k) = f±{k) ipl{k) = Mk) foi^l = ipo. (11.6) 
In this case, the equations l|11.5() reduce to (|4.12() . 
Proposition 11.2. The solutions of (110. 16|) have the representations 

fo = J S{k'^ - m'^^)^^{k) d^fe 4 = / '5(fc^ - m'^c^)^^{k) d'^k (11.7) 

where '^^{k) and f^ik) are suitably normalized solutions of (|11.2() which, up to a phase factor 

equal to eifi^o'^'^, coincide with the Fourier coefficients of (po{x) and (Pq{x) (in Heisenberg 
picture for solutions different from (|11.3() ). 

It should be emphasized, the solutions ()ll.l-i|) are completely 'unphysical' as they have 
zero (energy-)momentum operator (see ()1U.22() and (|2.18() ^. zero total charge (see pO. 



and zero orbital angular momentum (see (),S.14|) ) and, consequently, they cannot lead to some 
physically predictable consequences. 

12. Frequency decompositions and their physical meaning 

The presented in Sect. El frequency decompositions of a free Hermitian scalar field are based 
on the Klein-Gordon equation, or, more precisely, on ()4.6|) and (|4.8I) . and do not rely on a 
concrete representation of the energy-momentum operator. Hence they can mutatis mutandis 
be transferred in the general case of Hermitian or non-Hermitian scalar field. The basic 
moments of that procedure are as follows. 
Let us put 



,±^fc) if±{±k)ipo{±k) for ko > 
'° [0 for ko<0 



I u ior KQ <^ u 

(12 1) 

t±(fc) //±((±^)4(±^) forA:o>0 
1 for fco < 



As an evident consequence of ()11.5|) . we have the equahties 

{^i{k)y = 4^{k) {4^{k)y = ^^{k) (12.2) 

which mean that the operators ipQ^{k) are not the Hermitian conjugate of ip^{k). In the 
Hermitian case, ip^ = (po, 1)12. 1() reduce to H5.1|) due to H11.6() . 
In view of (jll.lj) and ()11.2|) . we have: 

fo = fo+fo fl = Vo^ + 'Po' (12.3) 



(12.6) 



^0 = J = J <^'k^l^m,^^^/;;;^ (12.4) 

[f^{k),rf,l = Tk^^^{k) [<fl^{k),rf,l = Tkf,4^{k) ko = Vm^c'' + (12.5) 
[v>o{k)^ Ql = Q^oik) U^ik), Ql = -q^^ik) 

[vo, Q]. = q^o [v^o^, Ql = -qfo^- 



If Xp is a state vector characterizing a state with 4- momentum p (see equation (|5.6|) 1. 
then entail 



V,{ipi{k){Xp)) = {p, ± k^)ipi{k){Xp) ko = Vm^JT^ 
V^{ipl^{k){Xp)) = {p^ ± k^)4^{k){Xp) ko = Vm^c^ + k\ 

So, and (pQ~^ create particles with 4-momentum k, while ipQ and (p^^ annihilate such 
particles. If ip^ = ip, the operators 99^ and tp^^ coincide, while for ip'^ ip they are different. 
In the last case the difference comes from the existence of non-zero charge operator (|10.23|) for 
which the (Heisenberg equations/)relations ()1U.27() hold. If X^ is a state vector corresponding 
to a state with total charge e, i.e. 

Q{Xe) = eXe, (12.8) 
then, from (n().:-{:-{B and (tTTHll . we get:^" 

QiM^e)) = {e-q)^o{Xe) QivliXe)) = {e + q)^l{Xe) 

Q{ip^{X,)) = {e-q)^^{X,) Q{vl^{X,)) = {e + q)^l^{X,). (12.9) 
Q{ip^{k){X,)) = {e-q)^^{k){X,) Q(4±(fc)(A'e)) = {e + q)ipl^{k){X,). 

Therefore (po, ipo and (p^{k) decrease the field's charge by q, while (p^^ and (pQ^{k) 
increase it by the same quantity. So, in a summary, (Po{k) and ipQ'^{k) create particles with 
4-momentum {\/ m?c^ + fc^, k) and charges {—q) and {+q), respectively, while V'o (^) ^"^^ 
(Pq (k) annihilate particles with 4-momentum {\/ m?c^ + k^, k) and charges {+q) and {—q), 
respectively.^^' ^■^ 



These considerations do not use concrete forms, like l|in.39|l . of the current operator J'^^. 

By convention, the particles created by ip^ or annihilated by <^J~(fc) are called 'particles', while the ones 
created by ip^'^^k) or annihilated by foik) are called 'antiparticles'. 

■^■^ Since 1)12. 9|l originates from the equation H10.27|l . which is external to the Lagrangian formalism, one 
should accept the given interpretation of 'fi'^ik) and </pJ*(fc) by some reserve. However, this interpretation 
is confirmed in the later development of the theory on the base of a notion of n-particle, n £ N, states (see 
Sect. [13. 



13. The field equations in terms of creation and 
annihilation operators 

If one wants to obtain from ()1U.16|) a system of equations for the momentum and field 
operators, an explicit expression for "P^, as a function (functional) of the field operators 
and (fQ, is required. To find it, we shall proceed as in Sect. IHl when the Hermitian case, 
ifQ = ifQ, was investigated. 



Since ^T^-^TB imply 



bS, v,i = j {k.i-^l'-ik) + ^t-(fc))}|^^^^^^___d^fc^ 

the energy-momentum operators (|10.22j) . in view of (|12.4j) . can be written as: 

"^tl = l + \^^f j '^^^'{i-hK - Kk'^ + ri^^ukxk'^) 
X (-4 + (A;) + ^-{k)) o i-ip+ik') + ^^{k')) 
+ v^,m^c\4 + ik) + cpl'ik)) o {^^{k') + v^^ik'))} 

'"^tl = i + \^^/ j d'kd'k'{{-k^kl-k,k'^ + r^^,kxk'^) 

X (-^+(k)+^,{k)) o (-^l + (k')+4-{k')) 

+ Vf.um^c'iip+ik) + ^^{k)) o i4 + {k') + ^l-{k'))} 

""T^^l = 2^l+\^,)/ I ^'kd^k'{{-kX-Kk'^ + V,ukxk'^) 
X i-ifl-^ik) + ipl-{k)) o {-^+{k') + ^,{k')) 

+ {-kf^kl - kyk'^ + rj^^kxk'^) (13.2c) 

X (-v9+(fc) + v,{k)) o (-(^S + (A;') + ^l-{k')) 

+ r?^,m2c2(v9j + (/c) + v?J-(A:)) o {^+{k') + (^q (^0) 

+ r^^,m^c\^^{k) + ^^{k)) o (v9t + (A:') + {k'))} 



(13.1) 



(13.2a) 



where k^ = \/ m?c^ + k^ and /cq = \/ rn^c^ + k'"^ . 

Performing with these expressions the same manipulations as the ones leading from (|6.1j) 
to ()6.5() . we derive the following expressions for the momentum operator 

= YTVi^) I k,\^^,^,/;;^{4^ik)o^^ik) + ^l-ik)o^^ik)}d^ (i3.3a) 

= TT7(^ / ^'^l.o^^^^^^^o ° ^r(fc) + v^o (fc) ° ^r(fc)}d^fc (13.3b) 

"^T = 2(l+'.(^o)) / '-l.o^V^^^o"(') ° ^0 + ° ^0 (13.3c) 

+ ¥P+(fc) o (^J-(fc) + (fc) o 99j+(fc)} d^fc. 



Notice, the equalities H6.4|l remain valid in the general case. Besides, these equations hold if in them 
some or all of the operators ^p^ik) and ip^{k') are replaced with ipl^{k) and ipl^{k'), respectively. 

For the other 8 combinations of the Lagrangians 110. 71 - 110. 911 and energy-momentum operators 110.171 - 
()l().20|l . in the integrands in the r.h.s. of Ijli-i.^fl terms proportional to f^ik) o ip^^ [ko, —k) and <^Q*(fc) o 
ip^{ko, —k) will appear. They are responsible for the contradictions mentioned in Sect. llOl (see, in particular, 
footnote 1^ . 



Here T{ipo) is defined by H1U.13|) and the following shortcuts are introduced: 



The operators and (^Q^(fc) (resp. <^o (^) and (^Q"(fc)) are called the creation (resp. 

annihilation) operators (of the field (field's particles)). 

Obviously, for a Hermitian field, ip^ = ipo, all of the three expressions in (|13.3() reduce 
to the 'right Hermitian' result (|6.5|) : besides, the 'S-dimensional' creation/annihilation op- 
erators p3.4() reduce to (|6.6() . as one should expect. In the non-Hermitian case, ipj^ ipo, 
the operator (|13.3b|) . as a function of the creation/annihilation operators (|13.4|) . formally 
coincides with the momentum operator obtained from the Lagrangian H1U.2() in the litera- 
ture [3, eq. (3.39)]. However, it should be remarked, our creation and annihilation operators 
for the Lagrangian ()1U.2|) with </?q tpQ differ by a phase factor from the ones in Heisenberg 
picture used in the literature (see below equations (|13.5|) ). Generally, the three momentum 
operators ()13.3|) are different, but, after normal ordering, they result into one and the same 
momentum operator (see Sect. El equation (|16.2|) 1. 

For a comparison with expressions in (the momentum representation of) Heisenberg pic- 
ture, it is worth to be noticed that, due to proposition lll.2| the creation/annihilation op- 
erators ^p^{k) and (p^^{k) in (the momentum representation of) Heisenberg picture are 
(cf. ^) 

(Relations like are, of course, also valid; (|13.5j) is a consequence from them for 
Therefore, quadratic expressions, like the ones in the integrands in 1)13. 3(1 . look in one and 
the same way in momentum and Heisenberg pictures. 

Now we are ready to obtain the field equations in terms of creation and annihilation opera- 
tors. Since (|12.3j) - (|12.5|) are equivalent to (|lfl.l6|) . the equations, we want to derive, are (|12.5j) 
with Vfj, given via ()13.3|) . At this stage of the development of the theory, we will get three, 
generally different, systems of equations, corresponding to the three Lagrangians, (|lfl.7j) . 
(|1U.8() and ()1U.9|) . we started off. But, as after normal ordering the three momentum opera- 
tors (|13.3|) become identical, these systems of equations will turn to be identical after normal 
ordering. 

In terms of the operators 1)13. 4p . the equations H12.3() - (|12.5|) can equivalently be rewritten 

as: 



ipO = j{2c{2TThfko) ^^\ip+{k)+^^{k))d^k 

ipl = j {2c{2'KHfk^)'^'\^l + {k) + ^l-{k))d?k 



(13.6) 



[ipt{k),V^]_ = ^k^,^^{k) [4±(fc),P^]. = Tfc^4±(fc) A:o = VmV^. (13.7) 



Inserting the equalities (with kQ = \l m?c^ + k^ and = \J rn^c? + g^) 

^k^ip^{k) = j ^q^^^{k)6^{q-k)d^q ^k^ipl^{k) = j ^q^ipl'^{k)5^{q - k)d^q 
and (|13.3|1 into (|13.7|) . we, after some algebra, obtain the next variants of the systems of field 



equations for an arbitrary scalar field in terms of creation and annihilation operators: 



± (1 + T{ipo))ip^{k)6\q -k)}d\ = 



qo- 



{[^0 (^)'V'S (q) ° ^0 (9) + V'S (q)°^o(q)]- 
± (1 + t(^o))4^ W-^'lQ - fc)} d^q = 



(13.8a) 
(13.8b) 



/ 



9mL 



V m2c2+q2 {[v^o (fe)^'^o (g) °y^o (g) + y^o (g) °v?o (g)]- 

± (1 + r(v9o))(/p^(fc)53(Q - fc)} d^q = 

gA'l go=,/ ^2,2^.„2 { [^0 ^ (fe) . v^o (g) ° '/'o'Cg) + '/'(7(g) ° v'o^lg)]- 



± (1 + t(^o))4^ W-^'lg - fc)} d^g = 



/ 



g/^l9o=^/ »^2c2+a2 {[^o (^)'['^o^(g)'^o (g)]+ + 1^0 (g)'V'o (g)]- 



± 2(1 + r(v9o))<^^(fc)53(q - fc)} d^g = 
{[(/.S±(fc),[(/.S + (q),V?o(q)]+ + [(^o^(q),(/.S-(q)]_ 
± 2(1 + r(v9o))(^S^(fc)53(q - k)] d'q = 0. 



(13.9a) 



(13.9b) 



(13.10a) 



(13.10b) 



Consequently, to the Lagrangians ()10. 7^ - 1)10. 9p correspond respectively the following 



three systems of equations for ip^ and (^q ^ : 



[Pt{k), (fl^iq) o ifQ (q) + ifl (q) o (^^(q)]. 



± (1 + r((^o))¥'^(fc)5'(g - fc) = 7^(fc, g) 



[</'o^(fc), ^o^(g) ° '/'o (g) + v^o (g) ° ^oii)]- 



± (1 + r(v9o))v'r(^)'^'(g - fc) = '/' "(fc, g) 
[v^o (fc).^o (g) ° '^o"(g) + ^0 (g) ° ^o^(g)]- 

± (1 + T{^o))v^{k)6^{q -k)= "f^{k, q) 

[</'o^(fc), ^0 (g) ° '^o~(g) + '^^{(i) ° 4^(g)]- 

± (1 + T{ip,))^l^{k)5\q -k)= "f^^{k,q) 



1^0 (k), [V9j + (q), (q)]+ + [v9+(q), ifl^ (q)] 
±2{l + T{y,o))^^{k) 

[4±(fc), [4+(g), '/'o (g)]+ + [v'o (g)> 4"(g)] 



± 2(1 + T{^o))^^{k)6Hq -k)= "'f{k, q) 



± 2(1 + r{^^))^l^{k)5\q -k)= '"f^ik, q), 



(13.11a) 
(13.11b) 

(13.12a) 
(13.12b) 

(13.13a) 
(13.13b) 



where the operator- valued (generalized) functions "'f^{k,q) and '^P^{k,q) with a = f,ff,fff 
must be such that 



qo- 



J^ik,q)dh = J g^|^^^^/;^^5^7^±(fc,q)d3q = 0. (13.14) 



Generally the systems of equations (|13.11() . 1)13. 12|) and (|13.13() are different. They will be- 
come equivalent after normal ordering, when the equations in them will turn to be identical. 
From the derivation of H13.11() - ()13.14|) . it is clear that these systems of equations are equiv- 
alent to the initial system of Klein-Gordon equations (|1U.16() . Thus, we can say that these 
systems represent the field equations in terms of creation and annihilation operators. 

As a verification of the self-consistence of the theory, one can prove the commutativity 
between the components of any one of the momentum operators (|13.3|) . i.e. 

[V^,,V,l = ^, (13.15) 

where = 'pjf\ "pf , is a consequence of (tmi) . (imTll - lfmH]) and the iden- 

tity (fn|) with e = -1. 

14. The charge and orbital angular momentum operators 

In Sect. El we introduced the charge operator H1U.23() (see also (|10.35() ') and pointed to 
different possible definitions of the defining it current operator. In particular, to the La- 
grangians ()1U.7|) - H1U.9|) correspond respectively the current operators ()lU.39a() - ()lU.39c|) in 
momentum picture. Below we shall express the charge operator Q through the creation and 
annihilation operators 1)12.1(1 . 

Substituting (TTO) . (TTOl) and (Tmll into (|1().39l) . we get:^^ 

'Jf = Iqc'J d'kd'k'{k'^{4^ik)+4-{k)) o (_^+(fc') + (fcO) 

- k,{-4 + ik) + ^-(fe)) o (^+{k') + ^0 (fc'))} (14.1a) 
= I'l'^'J d'kd^k'{k,{-ip+{k)+^,ik)) o (4 + (fc') 

- k'^iiftik) + if^ik)) o (-4+(fc') + 4-(fc'))} (14.1b) 
"'^r = d'kd'k'{k'^{^l + {k)+^l-{k)) o (-^+(fc') + ^0 (fc')) 

+ k^{-^+{k) + ip,{k)) o {^l + {k') + 4-{k')) 

- k,{-4 + ik) + ^-(fc)) o (^+(fe') + Voik')) 

- k'^i^^ik) + ^,ik)) o i-4+ik') + (^^(fc'))} . (14.1c) 

Now we have to perform the following three steps: (i) insert these expressions with /i = 
into ()1().23|) : (ii) apply ()6.4j) . possibly with ipQ^{k) and/or (^Q^(fc') for (f^ik) and/or (/j^(fc'); 
(iii) integrate over x, which gives (2-Kh)^5^{k + k') for products of equal-frequency operators 
and {27rhYS^{k — k') for products of different-frequency operators. As a result of these steps, 
we obtain:^^ 

'q^'^ = q I d3fc{(pt + (fc) o (fc) - (pt-(fc) o ^+{k)} (14.2a) 
"Q^'^ = -ql d^fc{<^^ (fc) ° Vl~{k) - Voik) o ^l + ik)} (14.2b) 



Since we apply only results based on the general properties of the momentum operator, the below obtained 
equalities for the current and charge operators are independent of the concrete choice of energy-momentum 
operator, like II1().17^ - H1().2()|I . and, consequently, of the particular form of the momentum operator, like l|18..'i|l . 
However, they depend on the Lagrangians Hlfl. 711 - 1)10.9^ from which the theory is derived. 

When deriving (114.21 . one gets the equalities in it with ^^/^^^^ for q with T{ipo) defined by 110.1311 . Since 

q = ior <pI — (po and T{ipo) = for (p^ / (po, we have = g in all cases. 



+ (fc) o 4 + (fc) - 4-(fc) o ^+{k)}. (14.2c) 

Recall, here the 'S-dimensional' creation/annihilation operators are defined via ()13.4|) . No- 
tice, if (/Jq = (/?0) the charges H14.2a() and ()14.2b|) . as well as the defining them respective cur- 
rent operators (|10.39aj) and ()lfl..S9b|) . vanish as g = in this case, while the charge (|14.2cj) 
and the defining it current operator HlU.39c() vanish for two reasons, if (^q = ipo- due to 
q = and due to the vanishment of the integrand in (|14.2c|) or the expression in parentheses 

in mnm . 

Generally, the three charge operators (|14.2a)) - (|14.2cj) . originating respectively from the 
Lagrangians H10.7() - ()1U.9() . are different, but they become identical after normal ordering (see 
Sect.Cni). 

Let us turn our attention now to the orbital angular momentum operator of free scalar 
field. In Heisenberg picture, it is given via (|3.14|) To obtain an explicit expression for the 
orbital angular momentum operator C^i, (in Heisenberg picture) through the creation and 
annihilation operators (^^(fc) and (pj^^{k) (see ()13.4() ). we have to do the following: substitute 
each of the equalities in (|13.2jl into the last equality in (|3.14|) . to apply (|(i.4j) to all terms in 
the obtained equation, then to integrate over x, which results in (5-function terms, and, at 
last, to perform the integration over k' by means of the arising 5-functions.^^ This procedure 
results in: 



i y i > 



J = J2 Yl J '^^^ J d^'^d^fc'2^aW~'(3;,a;„)o{(^t"(fc)A°^,(fe,fc')o^g'(fe')}o W(2:,2;o) 

[d'^x [d^kd^k'{<fil'{k)A'^,,{k,k')oipl'{k')}xae-^'-''^-''«^^^^^ (14.3) 



The integrals, one has to calculate, are ol the type 



OL £,£'—4 



where a = 1,2, 3, Af^/{k, k'), a = 1,2, ... , are some lunctions, fco = Vm^c^-j-A?, and fcp = v m^c^ + k'^ . 
The integration over x results in {2-Kh)^ (^~'^ a(£fc°+£'fc"') ) ^"^{^^ + s'k'). Simple manipulations with the re- 
maining terms, by invoking the equality f{y)^^^ ~ —^-^^^5{y) in the form 



d5\v-z) 



d{y°- - z'^) 

2 J ''y''^''^" ~'K9r d.^ 



1 ^ d'yd'zS\y~z)(4-^4-]f{y,z), 



gives the following result: 

J_(a;0_3:0)fco(£l + £'l) 



J = (27rft)=*^ / d='fcd^fe'<5='(efe + e'fe')e"^^" 

The particular form ol Af^/ (k, k') is clear from l|3.14^ and H10.22|l . So, applying several times l|14.4|l . calculating 
the appearing derivatives, and, at last, performing the trivial integration over k or k' by means ol S^{ek+e'k'), 
one can derive 1114. 5|l alter simple, but lengthy and tedious algebraic manipulations. 



'-fii' ~ -^Ofi I y -J^Ou I ^ 2(1 



(1 + t(<^o)) 



o4 + (fc)} 



d 



o^l (k) 



(14.5b) 



///y;(2) 



+ 



4(1 + t(99o)) 



d 
'^k^' 



d 



d 



/ d 



d_ 



(14.5c) 



Here the derivatives with respect to ko, like -^ip^{k), must be set equal to zero, and^^ 



A{k)k, 



d 
dk'' 



B{k) :-- 



dA{k)\ 
'~dk^ 



) o B{k) + (^A{k) o k. 



dB{k)\ 



dk'^ 



) 



k,{A{k)^oB{k)) (14.6) 



for operators A{k) and B{k) having dependence on k. If the operators A{k) and B{k) 
tend to zero sufficiently fast at spacial infinity, then, by integration by parts, one can prove 
the equality 



J d^fe{yl(fc)(/ 



_d_ 

'dk^ 



d 

'dkt" 



oB 



2/ su{mo{k,^^-k.^)Biu)] 



ko='\/ m'^c^+k^ 



\ j d^fcj 



k. 



_d_ 



kQ=\/ rrfic^+k"^ 



■ (14.7) 



By means of these equations, one can reduce (two times) the number of terms in 1)14. 5() . but 
we prefer to retain the 'more (anti)symmetric' form of the results by invoking the operation 
introduced via (|14.()j) . 

Since for a neutral scalar field <^q = (po and r((/?o) = 1, in this case the three opera- 
tors (|14.5p reduce to 



0;; 



.P^ + |/d3fe{^+(fc)(fc,A 



d 
'dki^ 



ifQ (fc) 



ifQ (k) k 



d 

'dk^ 



d 

'dkt' 



(14. 



More generally, if uj : {T J-} {J- J-} is a mapping on the operator space over the system's Hilbert 

space, we put Aui o B := —ijj{A) o B + Ao uj(B) for any A,B: T ^ T . Usually [4, 12], this notation is used 
for UJ = da- 



with given by (|6.5() . The reader may verify that the equahty 1)14. 8() holds for any one of 
the energy- momentum operators (|3.1H) (or (|.S.10j) ) for the Lagrangian (|.S.3|) (or (|3.2|) ). 

It is a trivial calculation to be shown that in terms of the operators (|13.5|) . representing 
the creation/annihilation operators in (momentum representation of) Heisenberg picture, in 
the equations (|14.5|) and (|14.8|) the first two terms, proportional to the momentum operator, 
should be deleted and tildes over all creation and annihilation operators must be added. 

Using the explicit formulae (|13.3|) , p4.2j) and (|14.5j) , by means of the identity (|7.4j) , with 
e = —1, and the field equations (|13.11() - ()13.13|) . one can verify the equations: 

[Q,Vx] = (14.9) 
[4-, Vx] = -Hmt^Vu - rixuV^), (14.10) 

where C^i, (resp. Q) denotes any one of the orbital momentum operators in (|14.5|) (resp. 
charge operators in 1)15. 21|) '). The first of these equalities confirms the validity of the (external 
to the Lagrangian formalism) equation (|l().3()jl . We emphasize on the sign before ih in the 
r.h.s. of (|14.10() . which is opposite to the one usually assumed in the literature, for instance 
in [5, p. 77, eq. (2-87)] or in [6, eq. (2.187)].39 
From ((n^ and we get 



[Q,Uix,xo)l = (14.11) 



and, hence. 



Q= Q, (14.12) 

due to (|2.4p . Therefore the charge operator is one and the same in momentum and Heisenberg 
pictures. 

Applying ()14.10|) . we get the orbital angular momentum of a scalar field in momentum 
picture as 

C^u = U{x,xq) o C^i, o U~^{x,xq) = t^y + [Z^(x,xo), t^y\_ o U'^[x,xq) 

= C^y + {x^- xq^)Vu - {xy - XQy)V^, (14.13) 
due to the equality 

[C^u, U{x,xq)]_ = -{{x^ - xo^) Vy - {xy - Xfiy)Vf,} o U(x,xq). (14.14) 

which is a consequence of (|14.10|) and ()2.2j) .'^'^ Thus, in momentum picture, the equa- 
tions ()14.5|) read: 



ip\~{k)(ka^ -K^\oLp+(k)\ , (14.15a) 



Equation 1114. 10^ with +ih for —ifi in its r.h.s. is part of the commutation relations for the Lie algebra of 
the Poincare group - see, e.g., [9, pp. 143-147] or [10, sec. 7.1]. However, such a change of the sign in the r.h.s. 
of 114.1011 contradicts to the results and the physical interpretation of the creation and annihilation operators 
- vide infra. 

To derive equation p4.14|l. notice that H14.1()|l implies [-C^ji/, o ■ ■ ■ o Pfi„]_ = — J^"-] i'riu.ni 
r)un., ^m) Pmi ° ■ ■ ■ ° ^M.-i ° ^Mi+i o • ■ ■ o , due to \A, BoC]_= [A, B]_oC + Bo [A, C]_, and expand the 
exponent in (12.211 into a power series. More generally, if [A{x), Vi_i]_ = B^{x) with [Bn{x), Vv]. = 0, then 
U{x,xo)\. = ■^{x'^ — Xq)B^{x)U{x,xo); in particular, [^(a;), Vfj]. = implies [A(a;), l/l{x,xo)]_ — 0. 
Notice, we consider {x'^ — Xq) as a real parameter by which the corresponding operators are multiplied and 
which operators are supposed to be linear in it. 



< y i >■ 



i > i > 

^i(k){k,^-K±,)o^>-ik>}\^_ (14.15b) 



fco = \/ m^c^+fc^ 
< > < >■ 

(2) ^ .;^(2) _ .^(2) i/^ f ^3^^ + ^^^(f^d_d^ 

fiu u ^ 4(1 + r(v5o)) y 'y^dk'' dkt'J ^ 

< > < > < y i y 

< y i y 

These three angular momentum operators are different but, after normal ordering, they will 
be mapped into one and the same operator (see Sect. [TB|l . 

15. The commutation relations 

The trilinear systems of equations p3.11() - ()13.13p are similar to the (system of) Klein-Gordon 
equation(s) (|6.13|) and, correspondingly, will be treated in an analogous way. 

Since the equations (|13.11bl) . (|13.12b|) . and 1)13. 13b|) can be obtained from 1)13. lla|) . 
I|1:i1'^all . and (I1:^.1:-ta|l by replacing ip^{k) with (/?J^(fc) and J^{k,q) with J^^{k,q), re- 
spectively, all of the next 'intermediate' considerations will be done only for the former set 
of equations; only the more essential and final results will be doubled, i.e. written for (fc) 
and y?Q^(fc). 

First of all, applying the identity (|7.4|) several times, we rewrite (|13.11a|) . (|13.12a|) . 
and ()13.13a() respectively as (recall, e = ±1) 

+ [<f^{k), ipl^iq)]e o ^^{q) - Eifl^iq) o [^^ (k) , ^+ {q)]e (15.1) 

±(1 + T{^o))^^{k)dHk -q)= 'f^ik, q) 

[^o{k),^+{q)]e0^l-{q)-e^^{q) o [ip^{k),ipl' {q)]^ 
+ [(^^(fc),(/7o (q)],o(/,J + (q) -e(^-(q) o [(^^(fc), (^J + (g)], (15.2) 

±(1 + T{^o))^^{k)5Hk -q)= "f^{k, q) 

[^o{k),^o^{q)]e°^o(.l) - ^^Po^il) ° [^oik),^o{q)]e 
+ [iPo{k), iPo{q)]e o ^o'^iq) - e^oil) ° i^Poik), ^o'^{q)]e 

+ [ip^{k),^+{q)]eOipl-{q)-£ip+{q) o [^^{k),^l' {q)]e (15.3) 
+ [iPo{k), ipl'{q)]e o ip^{q) - eifl^iq) o [ip^{k), ip^{q)]e 

±2{l + T{^o))Voik)^Hk -q)= "'f^{k,q). 

Now, following the know argumentation [3-5], we shall impose an additional condition 
saying that the commutators, e = —1, or anticommutators, e = -|-1, of all combinations of 
creation and/or annihilation operators should be proportional to the identity operator idj^ 
of the Hilbert space of the considered free arbitrary scalar field. 



It is easily seen, the equations ()15.1|) and (|15.2|) (and similar ones obtained from them 
with (/9Q^(fc) for (p^{k)) do not make any difference between the choices e = —1 and e = 
+1. But, for equation H15.3() . the situation is completely different. Indeed, for e = +1, 
which corresponds to quantization of a scalar field by anticommutators, equation (|15.3j) 
reduces to ±2(1 + T{(po))(p'^6^{k — q) = "'f^{k,q) which, when inserted in (|13.14|1 . entails 
^/^l; _ / 2 2 t,2 ¥^^(^) = for ^ similar result follows from ()18.13b|) . i.e. we have 

which, by (|1.3.3cj) . implies 

"Pf = 0. (15.5) 
Consequently, since 1)15. 5() and the Klein-Gordon equations (|1U.16(1 imply 

m^cVo = m^cVo = 0' (15-6) 

the choice e = +1 for (|15.3|) is possible only for the degenerate (unphysical) solutions (|11.3j) 
(or (^^^ in Heisenberg picture) and for the solution 

ipQ = ipl = for m / 0, (15.7) 

the last of which is equivalent to 

(^±(fc)=0 ipl^{k)=0 form/0. (15.8) 

According to equations (|1().37|) and (|15.5|) . the degenerate solutions (|11.3|) and (|15.7|) carry 
no 4-momentum and charge and, hence, cannot be detected. So, these solutions should be 
interpreted as an absence of the scalar field and, if one starts from the Lagrangian 
they are the only ones that can be quantized by anticommutators.^^ 

Let us return to the consideration of equations (|15.1j) - (|15.3|) and similar ones with ipQ^{k) 
for (p^{k) having in mind that e = —1 for ()15.3|1 . Writing explicitly them for the upper, "+", 
and lower, "— ", signs, we see that they can equivalently be represented respectively in the 
forms: 

['^O (^)' ° "foil) - e'/'0^(9) ° [^o{k),^o{q)]e 

+ [^^ik),ipl^{q)],o^^{q)-e^l^{q)o[^^{k),^^{q)], (15.9) 

±il+Ti^o)H{k)S\k-q)='f^ik,q) 

[v^o{k),^o{q)]e o V'o^(q) - ev^o (9) ° [v^o (^)' 4^(9)]e 
+ [<^±(fc), (^^(q)], o ^l^{q) - e^^iq) o [(^±(fc), 4^{q)], (15.10) 

±(1 + Ti^o))^^ik)6Hk -q)= "f^{k, q) 

<^o^(q) ° ['^^{k), 95j(q)]e + (/?o (9) ° [V'o (^)' 4^(9)]£ (15.11) 
±{l + T{^,))^^{k)5^{k-q) = \"'f^{k,q). 



''^ In fact, the last assertion completes the proof of spin-statistics theorem for free arbitrary scalar field. 
Notice, in this proof we have not used any additional hypotheses, like charge conjugation/symmetry or 
positivity of the Hilbert space metric (cf. [3, sec. 10.2]). 



Let us write explicitly the above-stated additional condition concerning the (anti) commu- 
tators of creation and annihilation operators. We have (cf. equations (|7.1j) '): 

U{k),^^{q)], = af{k, q) id^ [^^(fc), = aj q) id^ 

[<^^(fc), ^^{q% = bf{k, q) id^ Vl'^me = bl^ik, q) id^ 

[^^{k),^l^{q)]e = df{k, q) id^ ^^{q)], = edf{q, k) id^ 

[^o{k),vl^{q)]e = ef{k,q)\d:f [^l"^ {k) , ip^ {q)]e = eef(q,k)\djr 

where e = ±1 for ()15.1|) and (|15.2I) . e = — 1 for 1)15. and af, al^, ef are some 
complex-valued (generalized) functions, which we have to determine. These last functions 
are subjected to a number of restrictions which can be derived in the same way as (|7.18j) 
and ()7.19p in the Hermitian case.^^ One can easily verify that these restrictions are: 

{k + q)af{k,q)=0 {k + q)al^{k,q) = {k + q)df{k,q) = (15.13a) 
(fe - q)bf{k, q)=0 {k - q)bl^{k, q) = {k - q)ef{k, q) = (15.13b) 



(Vm^c^ + k'^ + ^Jm^(? -h cf)a{k,q) = lor a = af,al^,df (15.14a) 
(\/m2c2 + fc2 _ ^rn2c2 + q^)p{k, q) = for P = bf,bl^,ef. (15.14b) 

Regarding distributions, from ()15.13() . we derive (cf. (|7.21|) '): 

f{q)a{k,q) = f{—k)a{k,q) ior a = af,al^,df (15.15a) 
/(q)/3(fc, q) = fi+k)Pik, q) for /? = 6±, 5^ ±, e± (15.15b) 

for any function / which is polynomial or convergent power series. In view of (|15.15|) . the 
equalities 1)15. 14b|) are identically satisfied, while 1)15. 14a|) are equivalent to the equations 



Vm2c2 + fc^a(fc,g) = ioi a = af ,al^ ,df . (15.16) 

Substituting the equalities (|15.12j) into equations (|15.9|) - (|15.11j) and similar ones with 
V9Q^(fc) for (^^(fc), we see that the restrictions 1)13. 14|) . in view of ()15.15() . give the next 
systems of equations for the unknown (generalized) functions of , aj ^ , . . . , ef: 

kaj d\{e4^{q)af{k,q)-^^{q)df{k,q)-e^l^{q)bf{k,q) ^^^^ 
+<^±(q) {efik, q) ± <j{l + T{ipo))5\k - q)) } = 

V^JJ^ [ d'q{-e4'^{q)af{k,q) + ^^iq)dfik,q) 

J (15.17b) 

- e^^iq)bf{k, q) + 4^{q) {ef{k, q) ± a{l + T{^o))SHk - q))} = 



ka / d'q{ipl^iq)dfiq,k)-^^iq)al^{k,q) + ipfiq)bl^ik,q) 

J (15.17c) 

+^l^{q){-ef{q,k)±ail+T{^o))SHk - q))} = 

Vm^c^ + k^ [ d'q{-^l^{q)df{q,k) + ^^iq)al^{k,q) 

J (15.17d) 

+ ^f{q)bl^{k, q) + ^l^{q) {-ef{q, k) ± a(l + r((^o))<5'(fc -?))}= 0. 



Notice, I)7.15|l - lj7.17|l remain valid if we replace in them v'J (fc) and/or ^pf{q) with (/PQ*(fe) and/or (/PQ*(q) 
respectively; see 112.71 . 



Here: a = 1, 2, 3, = -e for (tmill) and cr = 1 for ([TK1I|) and (tTCTl), e = ± 1 for (ITOl) 
and (|15.1flj) . and e = — 1 for (|15.11|) {vide supra). Notice, (|15.17a|) and (|15.17b|) correspond 
to H15.9(l - (|15.11() . while H15.17c() and H15.17d|) correspond to the same equations with ipQ^{k) 
for ^PQ{k). 

If we impose a second, after ()15.12() . additional condition, namely that equation (|15.17() 
to be valid for arbitrary '^^{q) and (^Q^(q), we see that, if (m, k) ^ (0,0), the only solution 
of 1)15. 17|1 relative to a^, aj^, . . . , is: 

= alt,){k,q) = d%^^^^{k,q) = (15.18a) 
hf,Ak,q) = hlfAk,q) = ±T{ipo)5\k - q) (15.18b) 



e(vo)^ e('/'o) 

where t{(Pq) is defined via H1U.13() and: 



= ±^i^o)6Hk - q), (15.18c) 



0) 



— 1 for equation 1)15. llj) with any (fo 

and for equations (|15.9|) and (|15.1()j) with ip^ = ipo 
±1 for equations (|15.9j) and (|15.10|) with (fl 7^ (pQ (15.19) 

—e{ipo) for equation (|15.1U() 

+1 for equations ((13^ and (jlS.llI) 



Evidently, (|15.18aj) converts (|15.16j) into identity and, consequently, under the hypotheses 
made, (|15.18|) is the general solution of our problem. 

It should be emphasized on the fact that the function t{ipq) in (|15.18|) takes care of what 
is the field ipo, Hermitian or non-Hermitian, while the functions s{(po) and ^{ipo) take care 
of from what Lagrangian, (|lfl.7|) - (|in.9|) . we have started off. 

Before commenting on the solutions 1)15. 18|) . we want to say some words on the case 
m = and k = for which the equations (|15.17)) and (|15.16j) take the form of the identity 
= and, consequently, no information can be extracted from them. The above analysis 
reveals that, under the additional conditions (|15.12|) . the field equations do not impose some 
restrictions on the operators 

ip^{k) and ifl^ik) for m = and fc = 0, (15.20) 

i.e. these operators must satisfy ()15.12() with m = and fc = and arbitrary a^(0,q), 
4=^(0,9), ef{0,q) (with e = ±1 for (tTO]) and (tTT^ and e = -1 for (TT^ V To 
ensure a continuous limit {m,k) — > (0,0), we shall assume by convention that af{0,q), 
aj^(0,q), e^(0,q) are given via 1)15. 18|) with k = (and m = 0). From physical 
point of view (see Sect. I12j). the operators ()15.20)) describe creation/annihilation of massless 
particles with vanishing 4-momentum and charge ibg, which is zero for a Hermitian (neutral) 
filed and non-zero for a non-Hermitian (charged) one. Consequently, in the non-Hermitian 
case, the theory admits existence of free, charged, massless scalar particles with vanishing 
4-momentum, which are quanta of free, charged, massless scalar field. As far as the author of 
these lines knows, such particles/fields have not been observed until now. In the Hermitian 
case, as we pointed in Sect. 13 the operators ()15.20() reduce to (|7.27() and describe unphysical 
particles/fields which are experimentally unobservable. 

Since the (anti)commutation relations 1)15. 12|) are extremely important for quantum field 
theory, we shall write them explicitly for the obtained solutions (|15.18j) . As the three versions 
of some equations, like 1)15. 17|) . (|15.1|) - (|15.3() . H13.11|) - (|13.13|) . (|13.3|) . etc., originate from the 
Lagrangians ()10.7)) - (|10.9)) we have started off, we shall associate the found (anti)commutation 



relations with the initial Lagrangians rather than with the particular equations utilized in 
their derivation. 

Since equations 1)15. for which e{ipo) = —1 and o-{ipQ) = +1, originate from the La- 
grangian (|1U.9() , we can assert that the Lagrangian (|10.9() implies the following commutation 
relations: 

U{k),^^{q)l = yl^ik), 4^{q)l = 

[^^ik),^^iq)l = ±Ti^o)5Hk - q) id^ [^l^ik), 4^iq)l = ±Ti^o)5^ik - q) id^ 

[^^{k),^l^{q)]_ = [^l^{k),ip^{q)]_ = 

\^'^{k),^l^{q)]_ = ±5\k - q) \6r U^ik), ip^iq)]. = ±5\k - q) id^ (15.21) 

where denotes the zero operator on and r((^o) takes care of is the field neutral (v9q = (/JQ) 
r((/?o) = 1) or charged ((/^J 7^ ipo, r^ipo) = 0) and ensures a correct commutation relations in 
the Hermitian case (see (|7.28|) 1. 

Since the equations (|15.9() are consequences of the Lagrangian (|1U.7|) , we can assert that 
the next (anti) commutation relations follow from the Lagrangian (|1().7|) : 

[ip^{k),^^{q)], = [<fl^{k),4^iq)], = 

Hik), ^^{q)]s = ±T{^o)S^ik - q) id^ Wl'^ik), ^^(q)]. = ±T{ipo)5\k - q) id^ 

[^^{k),^l^{q)], = [ipl^{k),^^{q)]e = 

[(^J(fc),^S±(q)], = ±5\k - q)\dr [^l'^{k),^^{q)]e = ±6'ik - q)\d^ (15.22) 

where e = —1 (commutation relations) for a Hermitian filed, ipQ = ipo, and e = ±1 (commu- 
tation or anticommutation relations) for a non-Hermitian filed, ^ ipQ. 

At last, since the Lagrangian (|1U.8() entails (|15.1U() . the Lagrangian (|1U.8() implies the 
following (anti) commutation relations: 

U{k),^^{q)]e=0 [ipl^{k),4^{q)], = 

Hik), ^^{q)]e = ±r{^o)SHk - q) id^ b|)^(fc), vl^{q)]e = ±r{^o)SHk - q) id^ 
[V.±(fc),4±(q)], = [^J±(fc),V^±(Q)]e = 

[(^^(fc), 4^(q)], = ^e5\k - q) id^ ^^(fc), V'o (q)]. = ^^^^^ " Q) (15-23) 

where e = —1 (commutation relations) for a Hermitian filed, ip\ = ip^, and e = ±1 (commu- 
tation or anticommutation relations) for a non-Hermitian filed, ip^ ipQ. 

It should be emphasized, for a Hermitian (neutral, real) field, when e = — 1 in (|15.22j) 
and (|15.23() . the commutation relations 1)15. 21() . 1)15. 22p . and ()15.23() coincide and, due to 
r((/3o) = 1 in this case, are identical with (|7.28j) : thus, they correctly reproduce the already 
established results in Sect.[71 However, for a non-Hermitian (charged) field, for which t((/?o) = 
0, we have three independent sets of (anti)commutation relations: 

(i) the commutation relations (|15.21|) correspond to the Lagrangians H1U.7() and 1)10.8(1 , with 

the choice e = —1 for the both ones, and the Lagrangian (jl().9j) : 

(ii) the anticommutation relations ()15.22j) with e = +1 correspond to the Lagrangian (|10.7j) 

with the choice e = +1; 

(iii) the anticommutation relations ()15.23j) with e = +1 correspond to the Lagrangian (|l().8j) 
with the choice e = +1. 



The relations ()15.23() with e = +1 differ from 1)15. 22() with e = +1 only in the sign 
before the (5-function in the last row. This is quite understandable as the Lagrangian (|10.8j) 
can be obtained from ()1U.7|) by replacing (p with (p^ and (p^ with (p. If we make the same 
change in (|15.22j) . i.e. p>^ <-> (/?q^, we see that (|15.22|) transforms into (|15.2.S|) . Since (|15.22j) 
and 1)15. 23|) are identical (resp. different) for e = — 1 (resp. e = +1), we conclude that 
the theory is invariant (resp. non- invariant) under the change 999 ^ or, equivalently, 
93^ <-> 9?o^, called charge conjugation [3,5,11], if and only if it is quantized via commutators 
(resp. anticommutators) if one starts from any one of the Lagrangians (|in.7|) and (|in.8j) . The 
theory is always charge symmetric, i.e. invariant under charge conjugation, if one starts from 
the Lagrangian (|lfl.9j) . 

Thus, for a free non-Hermitian scalar field, we see a principal difference between the 
Lagrangian H10.9() . on one hand, and the Lagrangians H10.7j) and ()1U.8|) . on the other hand: 
the first Lagrangian entails quantization with commutators, while the other two imply quan- 
tization either with commutators (identical with the one of the previous case) or with an- 
ticommutators and one needs a new additional condition/hypothesis to make a distinction 
between these two cases. As it is well known, the correct quantization of a free scalar field is 
via commutators, not by anticommutators [3,5,11]. Usually (see loc. cit.) this result is de- 
rived, for a charged field, from the Lagrangian (|1U.2|) by invoking a new additional condition, 
like charge symmetry, or positivity of the Hilbert space metric, or spin-statistics theorem. 
The above considerations show that these additional conditions are not required if one starts 
from the Lagrangian (|in.9j) : in fact, these conditions are corollaries from it, as we saw with 
the charge symmetry and spin-statistics theorem (saying that a scalar field, which is a spin 
zero field, must be quantized via commutators). This is not a surprising result, if we recall 
that the Lagrangian (|l().9j) is a sum of the Lagrangians of two (independent) Hermitian scalar 
fields (see Sect. [TU)) for which a similar result was established in Sect.[7| In conclusion, the 
Lagrangian (|l().9j) is richer in consequences than the Lagrangians (fTTTTll and (fTTm :^^ the 
cause for this is that (p and p^ enter in H1U.9() on equal footing, i.e. (|1U.9|) is invariant under 
the change (p ^ (p\ which cannot be said relative to (|lfl.7)) and (|10.8|) . 

Relying on the above discussion, the commutation relations (|15.21() will be accepted from 
now on in this paper. As we proved, under the hypotheses made, they are equivalent to 
the initial system ()1U.16() of Klein-Gordon equations. If, by some reason one rejects these 
hypotheses, the system (|10.16|) of Klein-Gordon equations will be equivalent to the trilinear 
relations 1)13. 11() -( )13. 13(1 corresponding to the Lagrangians ()1U.7|) ~ H10.9() . But, at present, it 
seems that correct description of the real physical world is given by 1)15. 21|) . not by the more 
general trilinear equations mentioned, i.e. there are indications that the so-called parafields, 
satisfying trilinear equations similar to (|13.13() , do not exist in the Nature [23] . 

Similarly to the said at the end of Sect. [3 the considerations in the present section 
naturally lead to the operator-valued distribution character of the field variables and hence 
of the creation/annihilation operators. However, such a rigorous treatment is out of the range 
of this paper, in which it will be incorporated in the appearance of Dirac's delta function in 
some formulae. 

Ending this section, we want to say that, due to the above considerations, the La- 
grangian (frn:9l) is the 'best' one for the correct description of arbitrary, neutral or charged, 
free scalar field. 

The particular additional conditions mentioned above are, in fact, equivalent to postulating quantization 
via commutators in the case of free scalar field if one starts from someone of the Lagrangians 110. 2L 11U.7II . 
and CnSll. 

And also the Lagrangian l|10.2^ which is two times 1)10. 7|l and is, usually, used in the literature. 



16. The vacuum and normal ordering 



The arguments, leading to a correct definition of a vacuum and the need of normal order- 
ing of compositions (products) of creation and/or annihilation operators, are practically the 
same as in the Hermitian case, studied in Sect. |S1 Without repeating them mutatis mu- 
tandis, we shall point only to the difference when the field ipo is non-Hermitian (charged). 
There are two of them: (i) since in this case we have two types of annihilation operators, 
viz. (fc) and ipQ~{k), the condition 1)8. 3|) should be doubled, i.e. to it one must add the 
equality (/7Q~(fc)( A'o) = 0, A'o being the vacuum (state vector); (ii) as now the field pos- 
sesses a non- vanishing charge operator, the combinations of (|14.2)) with the commutation 
relations 1)15. 21|1 leads to infinities, like 1)8. 4|) for the momentum operator of a Hermitian 
field.^5 

Thus, arguments, similar to the ones in Sect. |H1 lead to the following definition of a 
vacuum for a free arbitrary scalar field. 

Definition 16.1. The vacuum of a free arbitrary scalar field fo is its physical state that 
contains no particles and possesses vanishing 4-momentum and (total) charge. It is described 
by a state vector, denoted by Xq (in momentum picture) and called also the vacuum (of the 
field), such that: 

Xo^O (16.1a) 
Xo = Xo (16.1b) 
VPo(fe)(A'o) = </^J~(fc)(A'o) = (16.1c) 
{Xo\Xo) = l- (16.1d) 

As we said above, the formulae ()13.3|) and (|14.2|) . together with the commutation rela- 
tions (|15.21|1 . imply senseless (infinity) values for the 4-momentum and charge of the vacuum. 
They are removed by redefining the dynamical variables, like the Lagrangian, momentum op- 
erator and charge operator, by writing the compositions (products) of the field, and/or cre- 
ation and/or annihilation operators in normal order, exactly in the same way as described in 
Sect.lSl Besides, the definition of the normal ordering operator (mapping) M is also retained 
the same as in Sect. |H1 with the only remark that now it concerns all creation/annihilation 
operators, i.e. <^^(fe) and (pQ^{k). 

Since the evident equalities Af (^ip^ (k) o (pj^~ (k)^ = M [ipli~ (k) o tp'^ [k)) = ip^ (k) o ipj^~ (^k) 
and AA((y9Q (fc)o(^|)^(fc)) = AA((/?Q'^(fc)oyjQ (fc)) = ipj^'^ [k) o ip^ [k) hold, the three momentum 
operators (|13.3j) transform, after normal ordering, into a single momentum operator, viz. into 
the operator 

= YTV{^) I ^^l.o=V^;:^^^o^^^) ° ^0 (^) + ^tik) o plik)} d'k . (16.2) 

Similarly, the three charge operators (|14.2|) transform, after normal ordering, into a single 
charge operator, viz. the operator 

Q = ql {ipl + ik) o p-{k) - ip+{k) o pl^ik)} d^k . (16.3) 



*^ Applying l|13.3|l and l|15.21|l . the reader can easily obtain the versions of H8.4|l for a non-Hermitian field. 
The results will be senseless infinities, like the ones in (|8.4ll . which are removed via normal ordering (vtde 
infra). 



One can verify the equations 

N{^^{k)A o <^t + (fc)) = - AA(4 + (fc) A o ^0 (fc)) = + o a-{k) 

M{4-{k)7ocp+{k))=-M{ip^{k)7o^l-{k))=-at{k)7oal~(k), 

with A = k^^^^ as a result of which the three angular momentum operators 1)14. 15(1 trans- 
form, after normal ordering, into a single orbital angular momentum operator given by 



i >■ i *■ 

where "P^ is given by ()16.2|) . This equation, in Heisenberg picture and expressed via the 
Heisenberg creation and annihilation operators reads 



+ _ „ . (16,5) 

In a case of neutral (Hermitian) scalar field, when ip^ = ipo and t((/?o) = 1) the last expression 
for the orbital angular momentum operator reproduces the one presented in [12, eq. (3.54)], 
due to the first equality in (|14.7|) . 

Applying (|16.4|) . (|14.7|) . (|13.6|) and (|15.21j) . one can verify the equations 

which in Heisenberg picture respectively read 

[(fi{x), C^u]. = ih{x^du - Xud^) (p{x) [(p\x), C^ii\_ = ih{x^du - x^d^) (p\x). (16.7) 

These equations, together with ((T7J, express the relativistic covariance of the theory consid- 
ered [11]. 

Similarly, applying (|16.3|) . (|13.6() and ()15.21j) . we obtain the equations 

Wq, Q]. = q^o [v^o, Q]- = -Q^h (16.8) 
which in Heisenberg picture take the form H1(J.27() . Analogously, we have 

Uik), Ql = q^^ik) U^{k), Ql = -q^^ik), (16.9) 
which, evidently, entail 

[T^M, Q]. = [Q, Q]. = [V, Q]. = 0. (16.10) 

At last, we shall derive the commutation relations between the components of the or- 
bital angular momentum operator 1)16. 4(1 . which coincides with the total angular momentum 
operator. To simplify the proof and to safe some space, we shall work in Heisenberg pic- 
ture and employ the Heisenberg creation and annihilation operators ()13.5|1 . which satisfy the 



same commutation relations as their momentum picture counterparts. At first, we notice 
that (|16.5|) and (|15.21|) imply the equations {po ■= \/ rrfic^ + p^) 



:i6.iii 



If — (;U ^ v) denotes antisymmetrization with respect to the indices fi and v, i.e. a subtraction 
of the previous terms combined with the change fi ^ u and ^ (^Q^(p)) means 

that one has to add the previous terms by making the change 'f^ip) (^Q^(p), then we 
get by applying (fTF3|) . (|16.11() and (|TO|) : 



[L^x, L^uL - ^(TTTM y I ^ dk-^ ^''~dk^ dk^ ''^~dk^ 

+ ( '^o (^) ^ - ^ A) - ^ I/)} 

+ ( '^o (^) ^ - ^ A) - ^ I/)} 

= i/i{^><;/.CA/, - (x ^ A) - (/i ^ v)] = -ih{r]^f,Cxu - ^ A) - (/^ ^ i/)}, 



where ko := \/ m^c^ + k^ in the integrands, the terms containing derivatives with respect to 
k'^ were integrated by parts and the antisymmetries relative to x and A and fi and were 
taken into account. The explicit form of the result obtained is: 

[J^>cx, J^/iu]. = -^fi{v>ftiJ^Xiy -riXtiJ^>tu -rixv^^Xn + flXvC^^], (16.12) 
which in momentum picture reads 

[>C^A, C,tiv\. = -'^^V>tfi^Xu - 11X^1 C>cu -V^^u^Xfi + VXu^^c^i}- (16.13) 

It should be noted the minus sign in the multiplier —ih in the r.h.s. of 1)16. 12() relative to a 
similar one in the last equation in [12, eqs. (3.51)] for a neutral scalar field. 

The equations ()16. 6^ ^ 1)16. 13(1 are valid also before the normal ordering is performed, i.e. 
if the orbital angular momentum, momentum and charge operators are replaced with any 
one of the corresponding operators in 1)14. 15|) . (|13.3|) and 1)14. 2() . respectively. 

We would like to emphasize, equation (|16.12() (or (|16.13|) ') is a consequence of (|16.5p 
and (|16.11|) . which is equivalent to (|16.7|) . and this conclusion is independent of the validity 
of the commutation relations 1)15.211) and/or the normal ordering (before normal ordering 
equation 1)16. 12|) follows from (|16.1H) and (|14.5)) ). Similar result concerns equations ()16.8j) 

and (tmni) . 

So, we see that, at the very end of building of the theory of free scalar fields, all of the 
three Lagrangians H1U.7() - (|1U.9() lead to one and the same final theory.^^ This is a remarkable 
fact which is far from evident at the beginning and all intermediate stages of the theory. 

Acting with the operators ()16.2p and 1)16. 3(1 on the vacuum Xq, we get 

r^iXo) = QiXo) = C^uiXo) = (16.14) 



''^ Recall (see Sect. ll5|l . the Lagrangians p().7^ and UK). 8^ require an additional hypothesis for the establish- 
ment of the commutation relations 115.2111 and, in this sense the arising from them theory is not equivalent 
to the one build from the Lagrangian 110.911 . 



which agrees with definition 116.11 and takes off the problem with the senseless expressions 
for the 4- momentum, charge and orbital angular momentum of the vacuum before redefining 
the dynamical variables via normal ordering. 

As a result of the above uniqueness of the momentum operator after normal ordering, 
the three systems of field equations p;-i.ll|l -( |i:-{.lHj) . together with the conditions (|1,'-{.14|) . 
transform after normal ordering into the next unique system of equations:^^ 

[<^o (^)' '/'o'^(9) ° V^o (9) + 9^0 (q) o 

± (1 + riipo))ip^ik)6\q -k) = q) 

bo^(fc). 4^(9) ° ^oil) + ^0 (9) ° 

± (1 + T{^o))^l^{k)6'{q -k) = /t±(fc, q) 

I '?/^l,o=^^^5^/^(fc,Q)d=^Q = / q>.\^^^^^;;;j-r^f^^ik,q)d^q = 

Applying (|7.4|) with e = — 1, one can verify that (|l(i.l5|) are identically valid due to the com- 
mutation relations 1)15. 21() . In this sense, we can say that the commutation relations (|15.21() 
play a role of field equations with respect to the creation and annihilation operators (under 
the hypotheses made in their derivation). 



(16.15a) 

(16.15b) 
(16.15c) 



17. State vectors 

A state vector of a free arbitrary scalar field is, of course, given via the general formula (|9.1j) 
in which, now, the momentum operator is given by ()16.2|) . This means that the evolution 
operator l/({x,xo) is 

(17.1) 

A state vector of a state with fixed 4-momentum is, of course, described by 1)9. 4() . 

Similarly to the neutral field case, the amplitude, describing a transition from an initial 
state Xi{xi) to final state Xf{xf), is 1)9. 7() and admits the representation (|9.8() through the 
'S-matrix' U{xi,Xf). The expansion of the exponent in (|17.H) into a power series results in 
the following series for U{xi,Xf) (cf. 1)9. 9|1 and H9.1U() 1 

00 

U{x„Xf)=\d^ + J2u^''\xi,Xf) (17.2) 

n=l 

o . . . o {^S + (fc(")) o ^-(fcW) + c^+(fc(")) o (^^(fc("))} (17.3) 



where kj^^ = y m?c^ + (fc^"^)^, a = 1, . . . , n. 

According to (|9.4|) and the considerations in Sect. I12( a state vector of a state containing 
n' particles and n" antiparticles, n' ,n" > 0, such that the i'*^ particle has 4-momentum p'-. 



*^ The normal ordering must be applied only to the anticommutators in Hl.'i.ll^ " ljl8.1i-{|l as these terms 
originate from the corresponding momentum operators l|13.3|l before normal ordering. 



and the i"^^ antiparticle has 4-momentum p'-„, where i' = 0,1, ... ,n' and i" = 0, 1, . . . , n", 
is given by the equahty 

A.\x;'Pi, . . . ■,Pj^/;pi; . . . ;Pn") 

11 1 

i'=l i"=l 
X {^+ip[) o . . . o o 4^{p'l) o . . . o 4 + (p-„))(^g), (17.4) 



where, in view of the commutation relations (|15.2H) . the order of the creation operators is 
inessential. If n' = (resp. n" = 0), the particle (resp. antiparticle) creation operators and 
the first (resp. second) sum in the exponent should be absent. In particular, the vacuum 
corresponds to 1)17. 4() with n' = n" = 0. The state vector (|17.4() is an eigenvector of the 
momentum operator (|16.2|) with eigenvalue (4-momentum) X^"^^ p[, + p'ln and is also 

an eigenvector of the charge operator (|16..S|) with eigenvalue {—q){n' — n").^^ 

The reader may verify, using (|15.21() and ()12.2|) . that the transition amplitude between 
two states of a charged field, like (|17.4j) . is: 

{X{y;q[; . . . . . • ^{xw'i, ■ ■ ■ \p'm''^P'b ■ ■ ■ ;Pm")) 

1 1 1 

i'=l i"=l 

' ^ i Z ji" 

where the summations are over all permutations . . . , i'^,) of (1, ... , n') and («'/, . . . , i'^„) of 
(1, . . . , n"). The conclusions from this formula are similar to the ones from (|9.1(i|) in Sect. IHl 
For instance, the only non-forbidden transition from an n'-particle + n"-antiparticle state 
is into n'-particle + n"-antiparticle state; the both states may differ only in the spacetime 
positions of the (anti) particles in them. This result is quite natural as we are dealing with 
free particles/fields. 

In particular, if ^„ denotes any state containing n particles and/or antiparticles, n = 
0, 1, ... , then (|17.5j) says that 

{Xn\Xo) = 6no, (17.6) 

which expresses the stability of the vacuum. 

We shall end the present section with a simple example. Consider the one (anti) particle 
states ip+{p){Xo) and ipl^{p){Xo). Applying (TTOll . ^EM, l^mlh and (|15.21|) . we find 
{po := \Jm^c? +p2):49 

P^((^0+(p)(A'o)) =p^^l{j>){X^) Q{^l{p\X^)) = -q^t{j>){X^) 
vM'^iP)i^o)) =p,ipl+{p){Xo) Q{ipl+{p){Xo)) = +(z4+(p)(^o) 



Recall (see Sect. I12ll . the operator V'J(fe) creates a particle with 4-momentum and charge —q, while 
^pli'^{k) creates a particle with 4-momentum fc^ and charge +q, where, in the both cases, ko = \/ rn^c^ + k^. 

''^ In Heisenberg picture and in terms of the Heisenberg creation/annihilation operators, in equations 117. 8t 
the terms proportional to (a^^p^ — x^Pf_i) are absent and tildes over all operators should be added. Equa- 
tions 1)17. 7|l remain unchanged in Heisenberg picture (in terms of the corresponding Heisenberg operators). 



These results agree completely with the interpretation of (f^ik) and as operators 

creating one (anti)particle states. 

18. Conclusion 

The main results of this paper, dealing with a study of free Hermitian or non-Hermitian 
scalar fields, may be formulated as follows: 

The creation and annihilation operators in momentum representation in momentum picture 
are introduced without an explicit appeal to the Fourier transform of the field opera- 
tor (s). However, they are (up to constant phase factor and, possibly, normalization) 
identical with the known ones introduced in momentum representation in Heisenberg 
picture. 

The quantization with commutators, not by anticommutators, is derived from the field 
equations (in momentum picture) without involving the spin-statistics theorem (or 
other additional condition), if one stars from a suitable Lagrangian. 

The (system of) field equation(s) in terms of creation and annihilation operators is derived. 
It happens to be similar to a kind of paracommutation relations. ^'^ 

An analysis of the derivation of the standard commutation relations is given. It is shown 
that, under some explicitly presented conditions, they are equivalent to the (system of) 
field equation(s) and are not additional to it conditions in the theory. 

In forthcoming paper (s), we intend to investigate other free fields, like vector and spinor 
ones, in momentum picture. 



Xf_tPu - XyP^) - If 



(17.^ 
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